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Physics. — “On exwpansions in series of algebraic forms with different 
sets of variables of different degree” ‘). By Prof. J. A. SCHoUTEN. 
(Communicated by Prof. CARDINAAL). 


(Communicated in the meeting of May 3, 1919). 


Notations. | 

We start from the system S‘”) with the covariant and contra- 
variant fundamental units e, resp. e,A=4,,...,@,, and the funda- 
mental multiplications A (outer multiplieation) o (general multiplica- 
tion) — (alternating-multiplication and _ (symmetrical multiplication). 


n (n—1) 
x tl) FF. for Ku 
e en 
EN 0 ae Ar 
A > | nr 
9... 9,...&, —covariant quantity ofdegree 2 (t-vector) < 
i<n 
N mn 


DE 


de)... e),— Contravariant r 7 Dh 


nn rn 


Ea,...&a —=E= covariant scalar; en ea —=E’= contravariant scalar 
n n 
n Fi ’— ee’ 
AN ea, «+ ea, E e 
an da, ER ea, E= ea, 
o 
By 2-th (procurrent) transvectinot m—=m,....m>=m.. 
Q 
andr’=r,...r', will be understood 
Ja) 
m.r 


a a a ae ) 


ı 


I) See also: “On expansions in series of=co- and contravariant quantities of 
higher degree etc.”, These Proceedings Vol. XXIl, p. 251—-266, here further cited as 
Er, of which paper this communication forms the continuation and an application. 


%) 5 is found from R,), by omission of all quantities that exist only under the 


orthogonal group. See for these systems: Over de direkte analyses der lineaire 
grootheden bij de rotationeele groep enz., Versl. der Kon. Akad. v. Wet. DI. XXVI, 
blda. 567--580; Ueber die Zahlensysteme der rotationalen Gruppe, Nieuw Arch. 
voor Wisk. DI. XIII, 1919; Die direkte Analysis der neueren Relativitätstheorie, 
Verh. der Kon. Akad. v. Wet. DI. XII N°, 6 (1919) blz. 29. 


3) The sign instead of (,)i for the transvections of the theory ofinvariants was 
first introduced by E. Waeıscn. 
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We have therefore, when for the sake of simplieity, is written .for . : 
ıl 
mr —=mr=maAr=x(ma,re + er Via ) 

1 N n 


A 2 q 
Br .- » IV 1 h ‚ m ee 
y t-th outer transvection ® ofmaffinorsu=u,...u, Vv=V....v, 


vg 
etc. will be understood the quantity found from u v by substituting 
locallı; for the ideal vectors U,,V,,..., and then for ee 
to W,V;,... the ideal factors of their alternating product. When 
at the same time the other factors are /ocally substituted by the 
ideal factors of their alternating resp. syınmetrical produet, then the 
th outer alternating transvection N resp. the i-th outer symmetrical 
f 

one V is formed. 

ı 

a» » 2 

Affinors and algebraie forms. When the P-th transvection of m 
P 

is formed with a produet r’ of Pdifferent contravariant fundamental 
elements T’,,....,T’p, we find the form: 


PP 
ER 


’ 


p=(m, £ B).2.almpar a) 


een 
== MIR IFHN, ehflpiss 
” 1 Ayip rı, u et Pip 
er p 
. . ® ’ . P “ 
A special case is that r’,....r’> are all not-ideal. Then m is 


a form in P sets of n not-ideal variable. Thus the charaeteristie 
numbers of a covariant affinor (and therefore also of a contravariant 
one) may always be considered as the coeflicients of such an alge- 
braice form. When the sets r’,,...,T’» are given and when their 


P P 
order is fixed, #m is singly determined by m. When all sets are 


pP pP 
different, then m is also singly determined by /m, in the other 
a pP P p $ ; Ri, i } 
case not, as m-+.n, where n is an arbitrary affinor, alternating in 


two factors that correspond with two equal sets of variables, trans- 
p p 
vected with r’, also forms /'m. 


P 
In the general case r’,,...,r’p are ideal, r' is however equal to 

P 4 ER 

x’, Y’2...., where po-+g0+...=P, and wherex‘, y',... are not-ideal. 


P 
Then Fm is a form of the degrees 0,6,.... in sets of variables 


that may be considered themselves as coefficients of variable forms 
1.7020, 3.... ‚ses ofn eovariant variables. Such varıables wi!l be called 


pa 
variables of the degrees p,q,... When the setsx’, y’,... and the order 
18* 
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= 


Pure 
of their ideal factors are given, then Fm is singly determined by 


a 
m. For the sake of simplieity we shall choose this order in such way that 


P p 4 b x 'z 
r—=xvy.... In order to be able to determine also singly m, we 


shall first prove the following theorem: 
Principal theorem A. Every algebraic form of the total degree P, 
homogeneous and of the degrees 9, 0,.., in different sets of variables 


1. x ” in “ r . 
x’,y',... each of which may be regarded as coefficients of variable 


PER | ? 

forms Fx', Fy’,..., linear and of the degrees p,g,... in sets of n 

different covariant variables, can be written as a productof P ideal 
v4 


linear forms. When for the sets of variables x’, y’... is prescribed, 


that “ ve ... are separately annihllated by definitely indicated ordered 
elementary operators either of the first or of the second kind '), as 
for the rest the variables being able to obtaim all values, then one 
single definite affinor of degree P belongs to the given form for a 
definite choice of the order of the sets. 


When the characteristie numbers of the sets are 2°,,....,2,; 
Ware... a being n?, Bbeingn? etc. then every term of F 
has the shape: ; 

P 
Norge, ea u y,i PR : 


Ort een 05 
%,+:...+0>=0. 


When 
2 ’ ? ’ 7 ’ 7 ’ 
Eye ye&a 5 6) en. @ß 3...» 
are the products of 9,9,.... of the fundamental units belonging to 
w Du nd 
the characteristice numbers of X’,y’,.... and 
» ig q 
Eier yb&a 5 Eye. ya: 
the products formed in the same way from en, TO ea, then 
the affınor 
P P 
p BR y 
A; P Ber ° 
n=x In,, N Pappe ET ee 


may be formed. 


I) See E, p. 262, 


As the transvection 


1 


. ö : 2% Fr = N 
Senne 67, Les PZA,,.: 3, Gy 
Das Bee Ja, “oe, (nn 

is equal to x” for the case that ;, Zus. Mer, "Fand egual-to 
zero in every other case, we have 

Rs 
ST 
P 


& q 
= Sarg 
2 Dad t 
When now on one hand n and on the other hand x’, y’ are written 
as the products of ideal fundamental elements, then /F is really 
reduced to a product of /’ideal linear forms. In order to derive from 


P pP 
n the affinor m.that is singly determined by / we first prove the 
theorem : 


Theorem 1. 
P 
When qisan ordered elementary affinor of the first (second) kind and 


P 
r’ a dıtto one of the second (first) kind‘), then the P-th transvection of them 
is zero, when the two elementary operators &; A(®) Mo, Em MP) AN, by 


P P Me "& 
means of which q and r’ (T’ and q) can arıse, are not conjugated, 
i.e. when not =), m=ianda=}?. 
As: 
P P 
(3) ,(B) 
> Elm Mi Am 1 
we have: 


PP P P 
’ (@) .„2) : (B 


P P 
NE) 3, 
=&j,€&m (mi 2; 'M; 0); An vw“ = 
Pe ,P 
A aA ed 7, , 
—&j Elm (1 MA; M; );r Ä 
Thus the transvection is in fact zero, when not /=j (therefore 
also m=i) and «=. The same proof holds m.m. by changing 
the first into the second kind and vice-versa. 
Let now the sums of the ordered elementary operators of the 


De i 
first kind that do not annihilate x’, y’,...., be.Z,,Z,.... and 
the sums of the conjugate operators *Z, YL,.... ete. In the special 
case that „L is a sum of elementary operators we evidently have 


pP P 
„L=:L. From n we first form an affinor n,, by permutating the 


2) See Ey p. 262. 
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P. ” 
o regions of p» factors corresponding with x’? and also the 6 regions 


g 2 £ 
of q factors, corresponding with y’” ete. in all possible o/ Aa 


ways, adding them and finally dividing by o/o!.... Then n, may 
be written 
PP 92 
nn =Mdy:-.., 
where in the way known from symbolism of invariants 9, 6,. 
P- 4 
different equivalent quantities n,,Ny.... are to be introduced in 


order to avoid ambiguities‘). Then the given formris also obtained by 


Zn Be )( q .y 
a BF RN IR 
Pin te p q 
According to theorem II we have now: 


- u ae Y 9, 
EF=(#..:LX) .,Ly)...= 
P g 


de 
— REN ee 
p q 


.p Pond q B,, na 
When we write *Zu, = u,’Ln,=v, etc. and m=uv..., then 

we have 

2 F PN 

Fur Merry 

P $ 

&% / p q R 
m is the only -affinor of this shape that when transvected with r’ 


P. P 
gives #m. In fact every aflinor m, that can be written in the form 


i 
2 p g 
m, = (Lm.) (Lm,)... 
P 
and gives zero when transvected with r’ is identically zero. In fact, as we 


p 
have supposed that x’ may obtain all values that are solutions of 
p v 


. . B, 
the equation „Lx’=x’; we thus may take for x 
P, 7 ’ ’ 
ls 2. 
where 8,...,8, are not-ideal different sets of variables and the 
: ' 
saıne holds for y’, ete. Then we have: 
P p y 
une — @L mis DS er ileE My) yltie.stge.. 
1 q 
x] P ’ ’ \ 7 ’ ’ 
= [eLm). 3... rom) tere 
p q 
12 


er 0 ars lee 


!) Comp. Die direkte Analysis zur neueren Relativitätstheorie, p. 11, 17. 


ee ee cn 


pr“ 


ee ae ee RITEE EEr « 
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When now for 8°’, t’, -. . are substituted here all possible combinations of 


’ D . . 12 
Oa,ı..; eu, we find that each characteristie number of m is zero. 


Of the proved property we make use by calling an algebraie 
form non special, alternating, symmetrical, locally alternating, sym- 
metrical or permutable, an elementary form or an ordered elementar Y 
Form of the first or second kind, when corresponding _names 
are used for the corresponding affınor. By application of an operator 


m m a 


K,A,M, A, u. A,M,A,M, rn a or 7 will be understood applica- 


tion of that operator to the eondlfie affinor of that form. By 
means of the corresponding affinor we are now able to reduce a. 
great part of the properties of forms to the formal properties of the 
operators K, A, ete., treated in #7, which simplifies the treatment 
of forms considerably. 

The characteristie numbers oceurring in the linear factors are ideal 
identical with the symbols of ARONHOLD and ÖrkescHh. When one of 


P * ” 22 . . 
the sets e.g.x’ is symmetrical, then u is also symmetrical and both 
may be written as the p-th power of an ideal fundamental element: 
We N 
p v | | 
Also in this case the occurring characteristic numbers are sy mbols 


‘of AronHoLD and Cnsesch. When x is alternaling, then’ u 00 is 
alternating and also in this case both may be written as p-th powers: 
ar — ee EP Un är)R. 

p p 
In this latter case the oceurring eharacteristic numbers are identical 
with the complex symbols introduced by WarLscH and WEITZENBÖCK, 


v 
the multiplieation of which is anticommutative. When x’ and there- 


} 2 . . 7 
fore u too is more_general, then the notation in the form of powers 
may be still useful sometimes. Then however, the ideal roots x’ and u 


» 
do not determine any longer the isomers ofx’ and u. Both characteristie 
numbers are ideal numbers of complicated character in the produets 
of which no commutation whatever is allowed any longer. By 
means of complex symbols Weirtzungöck ') has proved the first part 
of the prineipal theorem, A for forms in sets of variables that are 
all alternating. The above proof is an extension to forms with sets 
of variables of more general character. 


i) Beweis des ersten Fundamentalsatzes der symbolischen Methode. Sitzungsber. 
der Wiener Akad. 122 (13) 153—168, p. 155 etc. 
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Polar operators. Let be p=g...=1. As 
’ d 1,0 ’ 
( . =) ) Ze 
we have 
(v - )x vr... rot y)y® 
dx’ 
and 
Tl ar 5) a xy” N En — 
oe! dx’ 


Ve 
m Loy 


ei! 
Ai 

o! 
respect to y’. By application of this operator the form Fn changes 
into a form with the sets of Bapaden, zz, yetaDhe WERPSRTEE 


BER is therefore the :-th polar operator of x’ with 
Ye 


affınor of this form is no longer EN but is derived from FR by 
application of an operator ;+;M, the permutation region of which 


R 
contains the ideal factors of m corresponding to y’”ti. Applica- 
tion of this operater is therefore equivalent with application of 
-#M combined with a change of the sets of variables. 


CapeLır’s operators H®). Let again be p=g=...1 and let us 
P 

call the sets of variables #m x’,...,x’„ and the corresponding 

exponents Q,,....,@ , so that 0, +.:-.+0@,=P, then the diffe- 


rential operator A) introduced by CaPpeLuı is written in our notation: 
Or 
BO—xrH IR Rene 
( % i): 0x,’ ox,” 

ö m 

where the summation has to be extended over au ) combinations 
B 8 

P 
of s of the numbers 1,....,m. By application of AM) to Fm we 


find: 


P _P 
His) nz == A\s (u, i x,’)pı Be (un : X’m)Pm us s! 22; een Xi, j} 
Ss 


) : 
a : BRAND, F „NP 5 83 } ih, P; 
R ox. (u;, . X’) BUS ET : (wi, . Le) % (u,, X, ') ALT, (u; ö X,,_) Jm—s 


n MI 
where I“ “3 ms are the indices of 1,...,m that do’ not belong 
t0 %,,...,i. The summation has to be extended over au” ) nossible 


combinations. 
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9 N 0) y 
5, (Mi «X; ) = (5 Xi ) : U_XW, 


we have 
P 
EN! P 2 E n 
A,Fnm—s9...0, 2 T;,). (u Ds) m ya. 
s 1 


. en NEE ; 
(wi, 2 i,) s (u, p Kjı) ua (u; X. 5 a © 


= mM—S M-—-S 
As further 
B 2. .—1 
RE Pi a! Pj, + Fon 
A U ui VW --.Un, 
where 
V, SV un 


: x / 2 s Pi a: 
when the permutation region of „A contains of Bes u,‘ just 


Ss 


the last factor of each, we have also: 


pP Qi, ... Qi, 


a P 
‚Am — 5,Am 
) 


2 m 
where the summation has to be extended over all ( ) essentially 
5 all) 


different permutation regions. This infers: 
P P Eure 
H»Fm= (4) s!,AF-.m 
$ 


viz. the CaPpELLIAN operator 1) is identical with the operator 
F — 
&) s!,A. The linear independeney of the operators 4) discovered 


by Caperıı and their commutativity mutually and with other opera- 
tors composed of polar operators, is therefore a special case of 


the linear independency of the operators A, proved in Z,, and their 


commutativity mutually and with all operators M.:.A}..M, K.and 


u“ 
P. As the operators AT EM A K may all be written as 
sums of multiples of products of operators NN! 
the identical operator /, these operators bave for a form the signi- 
fieance of definite differential operators. When the sets of variables 
are of higher degree, these operators have the significance of differ- 
ential operators of more complicate character. The different kinds 
of forms mentioned on p. 273 may thus be distinguished by means 
of the definite differential operators by which they can be obtained 
and the other differential operators by which they are annihilated. 
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The operator 22. For m=n: 


ee ee d 2) 
Iyn Br Be = 
n „ dx,’ PR 

) 


is the well-known operator /(3-Prozesz). According to the 


preceding we have: 


and the application of (2 is therefore equivalent to the application 


of n!($) „A combined with a division by the determinant of the 
sets of variables. We may therefore also say that a non redueible 
form in n sets of n variables is a form that is annihilated by 

Ei ’ 3. 
2%. A form in n sets of n variables containing a factor ar 


can never be non-reducible In fact, the corresponding affıinor 
P ” 
m possesses a linear covariant of degree P—n. Such a form is 


therefore not annihilated by the operator (2.°) 


Expansion in series of a form in sets of two vartables. 
P p 
Let Fm be a form in m sets of 2 variables and m the corre- 


P. 
sponding affinor. As n = 2, the expansion in series of m with regard 
to elementary affinors is identical with that with regard to non- 
reducible covariants’). When we apply (his expansion, we find 


P 
for Fm the expansion: 


ION & Im £ 
m 2a m, | I2; or m even 
DANS FRLFITTRL 


A be a 
« (FP—a+1N\: Er e ei Im—ı 
DESK 330,93 .odd, 


a 


where each term is a sum of products of one single non-redu- 
ecible form with a certain number of determinants of the form 
Zays—a’y, Ya, Or shortly (x’ y’) as written usually (Klammerfaetoren), 
that .is characteristic of that term. That such an expansion is pPoS- 
sible and singly determined, has first been proved by GorDan. 
For the special case that there are only two sets of variables an 
application of permutation laws gives 


!) Comp. Er p. 264. 
2) Comp. p. 279. 
») Comp. Ey p. 265. 


27 . 


el 
9 


so that for this special case the expansion in series becomes: 


2% (up V ya): 


This expansion of Fur v” remains applicable for n > 2, because, 
there being only two sets of variables, only alternations of the form 
„24 give not identically zero. This is the so-called second expansion 
in series Of (GORDAN'!). 

The terms of the expansion with regard to non-reducible covariants 
may now be further decomposed in different ways. First each operator 


m 


„2A can be decomposed into simple mixed alternations. Then an expan- 


P 
sion of Fm is obtained with regard to locally alternating forms 
for which in each term the power of a determinant of the variables 
is the same as the in the same term oceurring power of the deter- 


minant of the ideal factors of m eorresponding to tlıose sets of 
variables. That such an expansion is possible and singly determined 
has been first proved by A. ReiIssinGer °). 

Secondly each elementary affinor may be decomposed in ordered 
elementary affinors of the first kind. With this deeomposition corre- 
sponds an expansion of the form: 


pP 0,., m: 1... 85 m 


ge ı . 
Fm= > ne «+ = 9A een Roy) 
4 ) eg 12 


The factors of the form (#’, y’) oceurring in each term satisfy the 
eondition that they belong to the permutation regions of a definite 
ordered alternation „sA acting on X” y’’ and characteristie of that 


I) Srupy, Methoden zur Theorie der teınären Formew $ 3 and $4. The so-called 
first expansion in series of Gorpan corresponds to an expansion in series of a 
mixed affınor and is not discussed here. 

2) Ausgezeichnete Form der Polaren-Entwicklung eines symbolischen Produktes. 
Progr. Realsch. Kempten 1906 — 07. 

3) See Er p. 263. 
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term. That such an expansion.is possible and singly determined has 
been first proved by W. Gopr'). 

Thirdly it is possible to decompose each elamentäry affinor into ordered 
elementary affinors of the second kind. To this corresponds the singly 
determined expansion : 


D In ‚is 


Be, z mM!) dm. er: 


E. Waursch?) has given another expansion which is also singly 
P 


determined and which corresponds to an expansion of m in terms 
of the form 
Kurs 2) mtl Vers 


% % ”4 
with coeffieients that for a definitely chosen order of wW, v”,.... 
are functions of @,,@,... It is remarkable that the number of 
terms of this expansion for a P-linear form is equal to that of the 
expansion with regard to ordered elementary affinors of the first 
kind, eg 1+5+9+5=2%0 for P=6. 


Expansion in series of a form in m sets of n varıables. 


Let 
pP 
En = men Key 
P 
"2 
be a form in the m sets of variables x’, y,... and m = uv”... 


pP 
the corresponding affınor. We can expand m in non-reducible 


covariants. Each term is then a sum of ordered alternations 
each consisting of a penetrating general product of a number « of 
factors E that is characteristie of that term with a linear homo- 
geneous non-reducible affinor of degree P—an. To this corresponds 


) W. Gopr deduces this expansion in quite another way and this may 
be the reason that he has not seen the connexion with the group characters of 
Frosenius and the possibility of an analogous expansion for n>2. “Ueber die 
Entwicklung binärer Formen mit mehreren Variabelen”, Arch. f. Math. u. Phys. 
184108) 112. 

?) Ueber Reihenentwicklungen mehrfachbinärer Formen. Sitz. Ber. der Wiener 
Akad. 113 (04) 1209—1217, WarLscH has used for the first time the expansions 
in series of the theory of binary invariants to decompose directed quantities in 
parts covariant under the orthogonal group (e.g. the decomposition of the affinor 
of deformation in scalar, vector and deviator), “Ueber höhere Vectorgröszen der 
Kristallphysik etc.” Wien: Ber. 113 (04) 1107—1119; Extension de l’algebre 
vectorielle etc., Comptes Rendus 143 (06) 204—207. 
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P 
an expansion of the form Fim in a number of terms each of which 
is a sum of products of. a non-redueible form with a certain number 
(characteristie of that term) of determinants formed by n ofthe sets 
of variables. 

For m=n this expansion has been given first by OaPpkuuı!) and 
for the general case by J. Drruyrs*’) and K. Prrr®)*). Both Carr 
and Perr base their proof upon the property mentioned p. 276, 
that a form in n sets of n variables containing the determinant of 
the variables as a factor, is not annihilated by (2. The deduction 
of Capernı, which is most analogous to the above is based upon the 
theory of the differential operators 7%). Deruyts uses his theory of 
the semi-invariants and -covariants and Prrr makes use of differential- 
operators that can be constructed by means of auxiliary variables. 

The terms of the expansion in non-reducible covariants may 


. ” ” “ 12 
again be decomposed in different ways. Firstliy each term of m 
can be decomposed into general mixed alternations and these again 

72 


into simple ones. To this corresponds an expansion of m in a sum 
of terms consisting each of a sum of products of a number of 
determinants with s,,..., s; rows formed from the charaeteristie numbers 
of the sets x’, y’... with one single symmetrical form. All terms are 
covariants, the sub-terms only then wen ss =s,=...=n. 

In each sub-term the power of a determinant of the characteristie 
numbers of the variables is the same as the power of the determinant 
of the characteristie numbers of the corresponding ideal factors of 


P 
m. Under these conditions the expansion is singly determined and 
an extension of the one given by REISSINGER for n = 2. 

P 


Secondly each term of m may bedecomposed into ordered alternations 
of the form „„A. Then the determinants oceurring in each sub-term 
must belong to the permutation regions of a definite ordered alter- 
nation „„A, eharacteristie of that sub-term, and acting on x’ y”. 


ı) Fondamenti di una teoria generale delle forme algebriche, Mem. dei Linces 
(82) $ 74; Sur les operations dans la theorie des formes algebriques, Math Ann. 
37: (90)-1- 37. 

2) Essai d’une theorie generale des formes algebriques. Mem de Liöge. 2. 17 
(92) 4. 1—156; Determination ‘des fonetions invariantes de formes a plusieurs 
series de variables. Mem. couronnes et m&m. des sav. &tr. de Bruxelles 53 (90— 
93) 2. 1—23. 

3) Ueber eine Reihenentwicklung für algebraische Formen, Bull. Intern. de Prague 
12 (07) 163—191. 

4) The forms called here non-reduceable are called by Careıu: “formes impro- 
pres” and by Deruyrs: “covariants de formes primaires”. 
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This expansion is singly determined, the corresponding expansion of 


P . 
m being singly determined ') and an extension of that given by Gopr 
for n—=2. We have thus found the theorem: 


Principal theorem B. Every algebraic form, homogeneous and of the - 
degrees 0,6,... in m sets of n varlables x’, y’.... can be expanded 
in one and only one way in a series of terms, each of which consists of @ 
product of a number « of determinants that are formed from the vari- 
ables of n of the sets with a non-reducible form, in such a way that 
the determinants in each term belong to the permutation regions of « 
definite ordered alternation „„A, characteristic of that term and acting 
on the affinor x y”...., the number «a being characteristic of « 
definite group of those terms. 


P; 
Thirdly we can proceed so far with the division, that m becomes 
a sum of ordered elementary affinors all of the first or all of the 


P 
second kind. With this corresponds an expansion of m in ordered 
elementary forms of the first resp. of the second kind, which may 
be characterized in the following way: 


Principal theorem Ü. Every algebraic form, homogeneous and of 
the degrees 0, 0, ... in m sets of n variables x’, y’,..., can be expanded 
in one and only one way in a series of ordered forms of the first resp. of 
the second kind. 

Examples: 

The 6-linear form 

gi! 


Fm ='m "ame. Kar: 
6 


can be decomposed into 76 ordered elementary forms of tbe first 
kind corresponding with the affinors. 


6 
1) 6Aıı 'M! m 
Bl, 

2,6 pdoeMerrmn Am ie 


N Ar 
Re 15) 4,249 2,2 M3 m, weis. 


R N 6 
16,05, 20 A aM ae 
n 6 
26. 0 aM 


Be 
De 

31,...,46) 3,2ÄA6 3,2 Me mn, ze a 
R N 6 

47,..,,560) AR Mae ee 


1) Er p. 265 
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N I 
31, #0:561) 3.241 23 MN) m, 2 Ze ilir ch 5 


6 
62,..., 70) 7224 22 MS m A=l,...,9 

3 nr 

el 

6 

76) =, odı ..Mıı m, 
for n=5, 1 becomes zero, forn—=4:1,...., Deioun—drl,. 5 
25 and for n=2: 1, ...., 56. The expansion in elementary 


forms corresponds to an expansion of = which is found from 
the preceding one by taking together the horizontal rows 1: 
2,....,6: 7...,15; etc. From-this can be deduced again the 
expansion in non-reducible covariants. For n > 6 .:1..., 
61, 2... 18, dorned:.2n.0,,60: 12 .,.,165{0r 
DE ye en 2.., 16: for-n—=3::26,%..., 820, 81,00,,, 
6 and Tora = 2 .57,.:. 61,82, 2. ..,. 70, 71, 2... 
75; 76. As to the expansion of a form of the sixth degree in a 
number of sets of variables less than 6 e.g. 


6 

2202 2,2 2 

Fı=emmn xıraxs 
6 


‚2, 


we may remark, that x’,’x’,’x’, can be obtained by a definite 


2 


simple mixing 3?M,‘%. Hence, in the expansion an all ordered 
elementary operators of the first kind vanish, when their first factor 
is an alternation that is annihilated by 3?M,@. In the first place 
thus 1,...., 25. Of 26-30 remains one term, of 31—46 there 
remain nine terms, among which three different ones, of 47—56 
four equal terms, of 57—60 two eqnal terms, of 61—69 six terms, 
among which three different ones, of 70-—75 four terms, among 
which two different ones, while 76 remains. In total there remain 
therefore for n<3 twelve terms and for n= 2 seven terms. This 
last number gives also the number of terms in the expansion of 
W AELSCH ').' 3 


Expansion of a form in m sets of n variables of arbitrary degree. 
Principal theorem D. Every algebraice form F'm, homogeneous 


" nd v4 
and of the degrees 0,0,... in m diflerent sets of variables&,y',... 
can be expanded in one and only one way in a series of ordered 
elementary forms of the first resp. of the second kind. 


1) Comp. p. 278. 
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P 
The expansion may be obtained by expanding m in ordered 
elementary affinors. 
Also the expansion in non-redueible covariant forms (prineipal 


theorem B) can be obtained for this most general case by expanding 


P 
m with respect to non-redueible covariants. Then the determinants 


of n rows that oceur in the expansion of the form generally have 
only an ideal meaning and therefore (he non-reducible forms 
oceurring in each term have only an ideal significance too. The 
terms themselves however keep their non-ideal significance and are 
found by taking together definite groups of terms from the expansion 
in elementary forms of the first kind. 


Physiology. -— “On Üyelopia with conservation of the Rhinen- 
cephalon”. By Prof. C. WinKLER. 


(Communicated in the meeting of May 31, 1919). 


In These Proceedings of February 1916 I reported the results 
found after examination of the brains of three cyclopian monstra. 

I then pointed out, that the characteristie abnormality in all these 
brains, was the presence of a sack with a thin wall, formed by the 
roof of the third ventricle, largely extended by fluid. 

I was forced to contradiet a sentence, found in SchwauLse’s “Die 
Morphologie der Missbildungen” where he says: “das Vorderhirn ist 
bei den Oyclopen nie in Hemisphären geteilt”. I must assert, that 
in all cases of cycelopian brain the hemispheres are well differenti- 
ated at the oceipital end. 

At the frontal pole however they are often united, although in 
one of the cases then described, there was also a sagittal fissure at 
the frontal pole of the hemisphere. 

I therefore deny that the examination of cyelopian brains should 
give any support to the supposition that the terminating-time of the 
cyclopia must be placed in a period, preceding that in which the 
sagittal fissure of the telencephalon appears. Also the view that 
eyelopia is inevitably accompanied by arhinencephalia, I could only 
accept under certain reserve. 

In fact, in all the cases which I examined, the bulbi olfactorii 
and the lobi olfactorii anteriores were missing. But the lobi olfactorii 
posteriores were present. They are found along the mesial line of 
the brain-base. There they were placed next to each other, because 
the brain-base between them was missing. 

Ordinarily eyelopian brains are partially arhinencephalie, missing 
only the frontal part of tbe rhinencephalon. 

Since then I have prepared the brains of several cases of eyclopia, 
largely differing between each other. 

Now I believe that there is another monstrosity, the so-called 
synotia, nearly related to the cyclopian one. The former is often 
combined with the latter. 

Through the kind eooperation of Professor Kovwsr and Dr. VER- 


MEULEN I obtained possession of such-like monstrosities. 
19 


Proceedings Royal Acad. Amsterdam. Vol. XXI. 
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l. a human fetus with synotia (nose, eyes and maxilla superior 
are existing). There is an indication of a mouth. No inferior maxilla 
is found. The ears are united in the mid-line in a single meatus 
acustieus externus (In this being the brains were unfortunately thrown 
away). 

2. a fetus of a pig with cebocephalia (Proboseis is found above 
two totally separated eyes in one orbit). 

3. a fetus of a lamb with incomplete cyclopia (one oblong eye 
with a long pupil, two optie nerves; no proboseis is visible by the 
naked eye, although the X-ray photo shows a little nasal bone at 
the os frontale). 

4. a fetus of a calf with almost complete eyclopia (one oblong 
eye with hour-glass like pupil, two optie nerves closely situated, 
no proboscis.) 

5. a fetus of a calf with incomplete ceyclopia and synotia (two 
united eyes in the circle of the four eyelids, no proboseis. A mouth- 
opening, bordered at the upper part by a strong upper-jaw (X-ray 
photo). No lower jaw (X-ray photo), no tongue. The os hyoideum is 
completely developed (X-ray photo). The ears are united in the 
mid-line). 

6. a fetus of a lamb with synotia. (A small proboseis, no eyes, 
no jaws, no mouth or tongne. There is an os hyoideum. (X-ray photo.) 
The animal therefore is anophthalmie, agnathie, aprosopic. The ears 
are united in the mid-line. Larynx and pharynx end towards the 
top in a blind sack. No thyroid gland.) 

7. a fetus of a lamb with eyclopia and synotia, dealt with in 
this communication. 

In all the brains of those monstra which were examined, there 
was found a membranous sack, which shows itself to be the roof 
of the third ventricle, much extended by fluid. Now and then 
however peculiarities were seen in this sack at its frontal or its 
oceipital end. In No. 5 and No. 6 e.g. the sack was continued in 
the like-wise thin wall of the telencephalon and in N’. 7 at its distal 
end the mesencephalon and the cerebellum were not developed, 
forming a part of the thin wall of the sack covering also the IV 
ventricle. 

The sack is not only existing in the brains of eyelopian monstra, 
but also in those of the synotic type. 

In another paper I will deseribe more in details the differences of 
the brains in those monstra. 

Here I intend to demonstrate the monstrosity, mentioned sub N°. 7. 
It may be considered as a sample of acyclopian malformation, with 
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synotia possessing a complete rhinencephalon and therefore it alreadv 
warns. us that we should not rashly assert that every eyelopia must 
be arhinencephalic. 


Regarding the drawing of this fetus, seen in the face, we notice 


Fig..1. 

Drawing after a photograph of a lambfetus with cebo-cephalia and synotia. 
The monstrosity possesses a well-shaped and completely developed nose above the 
two eyes, surrounded by four eye-lids. One can discover the two medial carunculae. 
The ears are united together. No mouth. 


that the animal possesses a complete nose with nostrils. Underneath 


it-is found, that what appears to be an orbit, surrounded by four 
1:97 
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eyelids and in which the two united eyes are placed with a smaller 
left and a larger right eye. Jaws, mouth änd tongue are missing. 
Directly underneath the eyes the two ears lie by the side of each 
other in the mid-line and the two external auditory canals possess 
a combined opening. 

Pharynx and larynx are well developed and continue in a hollow, 
ending upwards blind. 

The X-ray photo confirms that the jaws are totally missing, but 
it also shows that the os hyoideum is well developed. Moreover the 
X-ray photo teaches that the ethmoidal bone is fully present. Crista 


Fig. 2. 

Drawing of the upper surface of the brains of the monstrosity reproduced-in 
fig. 1. The sack (a) is visible. It adheres to the dura mater (bD). At the distal 
end (c) it continues in the mesencephalon and in the cerebellum, represented by a 
thin membrane. Through this membrane shines the tela chorioidea of the fourth 
ventricle. 


Galli, lamina cribrosa, lamina papyracea and the laryrinth of the 
ethmoidal bone can be distinguished. Already before removing the 
brains 1 therefore knew, that this cycelopian being could not have 
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been formed through the missing of the ethmoidal bone and of 
the mesial wall of the orbit. 

On removal of the brains one is directly struck by the presence 
of the sack (fig. 25) and the epiphysis Iying free, seeming to be its 
point of origin. Behind it one does not find anything of a mesen- 
cephalon or of a cerebellum. The sack eontinues in oceipital direction 
and the tela of .the 4:h ventriele shines faintly through it (fig. 2ec). 
On the other hand botb the hemispheres are well developed. There 
is a deep sagittal fissure, in which the dural septum with its sinus 
are found, and which has to be cut away from the crista galli in 
order to make its removal possible. 


Drawing of the basal surface of the monstrosity reproduced in fig. 1. a = the 
thin membrane covering the defect in the pes pedunculi cerebri. b. ol. = bulbus 
olfactorius. /. ol. = lobus olfactorius. N. II = nervi optiei. c. m. =, corpus 
mammillare, shining through the membrane. N. VI = nervus abducens. 


If we examine the basal surface of the brain (fig. 3), then we.are 
struck by the presence of two well-developed olfactory bulbs with 
their traet, their lobus olfaetorius anterior, posterior and cornu 
Ammonis;, in short of a completely developed rhinencephalon. 

There are two N. optiei (fig. 3, N. Il). The corpus mammillare 
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shines through the pia mater. One can surely demonstrate the N. 
abducens of the eranial nerves. With the nerve lying proximally 
from this, it is not so. Only after a microscopie examination, it is 
certain that it is the N. trigeminus. Between these two thick nerves 
the base of the brain is formed by a thin membrane, which when 
the brain was removed could only be spared with the utmost care. 

If the sack is opened at its dorsal part and is folded backward, 
there appears a local defeet in the brain-base, more than 1 cm. 
wide. There the base of the brain is formed by a membrane, 
1 mm. thick, at the utmost, in which some white nerve strings 
diverge from the mid-line towards a proximally placed mass of 
nervous tissue. This nervous mass, striatum and thalamencephalon 
are shining through the pia mater at the base in fig. 3. There isan 
interrupted continuation in the brain-base at the level of the pes 
peduneuli. 

The bony base of the brain is very remarkable. The crista gallı 
protrudes. On both its sides the lamina eribrosa carries the bulbi 
olfactorii, which send their fila olfaetoria through it. Moreover the 
optie foramina are normally formed, together with the frontal part 
of the os sphenoidale. Then however the sella tureica is found missing, 
also the hypophysis. The base of the erane is not massive, but 
movable, as there is a great loss of bone distally from the sella tureica. 

An X-ray photo taken from the upper side makes this obvious. 
Here a large defect in the bony base of the skull appears. The 
caudal part of the os sphenoidale is missing in the mid-line and 
the frontal part of the elivus has fallen out asfar as the arch of the 
Atlas. The os petrosum is intaet on both sides. There are no jaws. 
Through the loss of the facies orbitalis of the upper jaw the eyes 
have sunk downwards. They are no longer Iying in a bony orbit. 
The lamina papyracea of the ethmoidal bone is placed proximally 
from the double eye and therefore easily recognisable in the X-ray 
photo. In this case, it is not because the mesial wall of the orbit 
has been destroyed that the eyes 'have met one another in the 
mid-line, but because the. lower wall of the orbit is absent. 

This eyelopian monstrosity possesses a complete rhinencephalon, 
but at the same time it becomes synotic through the loss of a 
lower jaw. 

As to the question, what may be the cause of such a monstrosity 
one must acknowledge that immense difficulties arise in defending 
that there was an insufficieney of germ material, as far as the 
brain as well as the bony parts of the skull. is concerned Simpler 
is the view in taking the sack as point of origin. 
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A pathological process which calls forth the sack (and the latter 
is found in all the cases of this sort) is able to destroy at the 
dorsal brainside the mesencephalon and the cerebellum when they 
hinder its development at the distal end. But at the ventral side 
the pathological process destroys the pedunculi cerebri and the tissue 
on which they lie. -This is the germ material out of which jaws, 
mouth and tongue are going to develop. 

Distally bordered by the second branchial arch (the os hyoideum 
was intact in all the three cases of synotia) all is destroyed that 
is going to develop out of the first branchial arch (except oecasionally 
of the ossieula acustica) and out of the tissue, which lies proximally 
from it. In this way the local defeet of the peduneuli cerebri and 
of the tissue forming the middle part of the skull, is easily understood. 

According to the view which I explained in my previous report, 
I think the cause of the sack to be a local process of inflammation, 
which by means of a mechanical influence produces a defect at the 
base of the brain and of the skull. 

On the other hand I acknowledge the possibility that the sack 
and the basal defeet, together may be co-effects of another more 
complicated pathological eause. ö t 

In debates upon this subject, held at Leiden Dr. MuRK JANSEN 
defended the thesis that the narrowness of the amnion may perhaps 
produce the sack as well as ihe defect, by compressing the head 
of the embryo in a strietly defined plane. The result may be that 
all the germ material, which is found in this plane, may die. 
Should such a hypothesis be confirmed, there will arise different 
possibilities in the formation of these monstra, but I will not yet 
enter upon these. 

I only wish to lay stress on the following views. 

Destroying of tissue at the proximal end of the skull, so that the 
os ethmoidale disappears and the dorsally placed sack, the roof of 
{he distended IIIrd ventricle is formed, gives rise to eyclopian monstra. 
But they are not the only defect-formations which are found. 

There is yet another place of predilection, where the tissue that 
will form parts of the skull, may be destroyed. In such cases the 
first branchial arch may be destroyed by pathological processes. 
These lead to synotia. Now and then it occurs isolated. Then we 
see uncomplicated synotia. Nose, eyes and upper jaw are well deve- 
loped, as found in the fetus, mentioned sub 1. 

But also the two local destroying processes appear, independent 
of each other, next to one another. Then cyclopian and synotian 
deformities are found together. And there may remain between 
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them an intact upper jaw as was the case with the monstrum, 
mentioned under 5. 

Now and then the two local destroying processes are united. Then 
comes a massive fissure and the monstrosities appear, as described 
under 4 i.e. synotia with anophthalmia, aprosopia and agnatia. 

The series of the different eyclopian deformities is joined to that 
of the synotian deformities. In this series one case is most remark- 
able, i.e. if the local destroying process, commeneing at the first 
branchial arch spreads so far proximalwards that the upper jaw 
totally falls out. 

Then the eyes are going to meet each other in the mid-line, while 
the maxillar part of the orbit -is lost. Then also two eyes are found 
in a four eye-lid ring, but they are no longer placed in an orbit. 
In that case there is found a cebocephalie form of eyclopia, with a 
complete nose above the eyes, and a complete rhinencephalon. 

To me it seems even possible that the local destroying process 
may spare the first branchial arch, only destroying the upper jaw. 
In such a case there results a cyclopia, perhaps always the cebo- 
cephalic form, but without loss of the ethmoid bone, with a com- 
plete rhinencephalon and without synotia. 


Mathematics. — “The Remainder in the Binomial-series.” By 
Prof. Frep. Schun. (Communicated by Prof. D. J. Kortkwec.) 


(Communicated in the meeting of June 28, 1919). 


De Weseoatler the) bihdiikl-series I u”, in which u” — 
j 


je 7 
233-1 
= H (m—%k). We suppose « real and m not zero and’not a 
en 
positive integral number (there otherwise the series is finite). 


2. The series is convergent ff |a|<1,if2=1,m >—1 and 
if @a=—l, m>0, divergent in the other cases. 


3. IE j2|<1 and if|2|=1, m > —1 we have lim u” u, 


nz 


as appears from N’. 2. 


4. According to Mac Laurıin’s ee we have: 


m 


N +2) a ER 
et 


in which the remainder is given by: 
a (1— Ar a 


== m—k N) 
B= san mh >) 


hence: 
(m) 


N 


Rn (i = Oayr m x ( ) 


=> (14 AR (m— . x) Are (2) 
X 


5. The aim of this paper is to show that im Ru —=0 ın all 
N=X 

cases in which the series conver, Eh that is to demönstrate for those 

cases the validity of (1 + x)" = zu) ", exclusively from the remainder 


in the series (which is done ect in a great number of hand- 


ı) The numbers 5 occurring in these expressions are generally unequal, 6 depend- 
ing on n and on p. 
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books). At the same time the advantage of the ewpression (2) for the 
remainder in the binomial-series will be obvious. 


6 If x20, we find according to (l) if we choose n > m: 
| Ru|< I wum |, hence im R„=0 if the series converges. 
= n 


NR 


7. k —I1<ae<0, it ensues from (2), if we take p=1: 


|| <Almaurzd |, in which A is the greatest of the 
numbers 1 and (1 + „)”"-1. This leads to = ln 
8 te =—1,m>0, it follows from (2) by taking p=m: 
(m—1) 
R=—Ww GER ASS BE 


In eonnexion with N°. 3 it follows that lim R„=0 (the inequality 


No 
m-—1> —1 being satisfied), a result that cannot be obtained 
from Lagrang®’s or Caveay's form of the remainder if m <<1. 
It can further be observed, that (3) leads to the identity 


m(m—1) nam er oa 1 
1 m = —..4+(- 1)" ( - ) a EN 
ya —dm— dm), 


N: 


the identity can also easily be demonstrated by mathematical induction, 
from which it appears that the identity also holds good for m<O. 


9. If we make use of Askr’s theorem about the continuity of 
power-series, the examination of the remainder in the case ar 
suffices. In order to demonstrate, without distinguishing various cases, 
that then im A, = 0, in (2) we take p—=1 (as in N’. 7). 


n=n 


Mathematics. — “A problem of combinatorial analysis connected 
with the determination of the number of different ways in 
which the greatest common divisor of two products can be 
Found”. By Prof. Frev. Schvn. (Communicated by Prof. D.J. 
Korrtkwes). 


(Communicated in the meeting of June 28, 1919). 


1. The greatest common divisor (G. C. D.) of the two numbers 

Rn I 
is obtained as the product of the mn greatest commen divisors Gi; 
Brand =1,2,:.., m and, 7 1,22, ..n)eltris To be 
understood, that two numbers, whose G.C©.D. is determined, are to 
be divided by that G.C.D. and that for the remaining part of the 
ealeulation the quotients are substitued for the original numbers. If 
such a quotient is combined with another number, we divide again 
by their G.C.D. ete.”). 

So the mn numbers (@;; are caleulated in a definite order. Gr; 
is the @. CE. D. of .the numbers a’; and b',, a’; being obtained by 
division of a; by all previously determined greatest common divisors 
that are connected with a;, while b'; is derived in the same way 
from b;. 


4° 


2. We now inquire into the nıunnber of ways in which the @. ©. D. 
of the numbers (1) can be calculated in the manner indicated 
in N°. 1. A different order of the mn numbers (@;, does not neces- 
sarily yield & different manner of caleulation of the number @ 
sought, for two manners of caleulation must of course be considered 
as identical, if they consist of the same caleulations and only differ 
in the order in which the separate caleulations are carried out. 
Hence it is immaterial which of the two numbers @;,; and Gr 18 
ealeulated first, provided © % and at the same time ;7/. Conse- 
quently it is only the order of the numbers (@;; which agree either 
in the first indices or in the. second, that is essential. 


3. The special values of the numbers a, ,..., An, DI 7.0, may 


I) The last time that one of the numbers q1,4a,..., Any O1ydg, +. ., D,1S com- 
bined with another the division of the first-mentioned number by the G. C. D. 
found may of course be dispensed with, the quotient being no further involved in 


the calculation, 
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cause that permutation of two numbers G;;, whieh agree in the first 
or in the second indices, does not yield a different manner of calcu- 
lation of @. If a, and b, e.g. are prime to each other and a, and 
d, likewise, it will be immaterial whether we first determine Gin 
and then G,, or vice versa, both greatest common divisors being 1 
and a division by @,, or G,, eonsequently not causing any alteration 
in the numbers. But we shall disregard such special cases, so that 
we only call two ways of caleulation of @ identical, if tbey are the 
same with any set of values of a,,..., Am» dr >» =, Ön- 


4. The number @ inquired into in N®. 2 then becomes equal to 
the number of ways, in which we can arrange the mn symbols 


Gytz=l,2,, „m jelkaı.,n) 
in a sequence, if we consider two sequences identical, if these can 


be derived from each other by some permutations of two symbols, 
differing both in the first and second. indices. 


5. If m=2 the number asked for will be the number A, ofthe 
ways, in which we. can arrange the symbols 
G11s @G13, @13 et, Gin En "A (2) 
Ge, G23, @o3 R Er 3 4 . - . r R (3) 
in one sequence, only paying regard to the order of two of these 
symbols if in the above scheme they stand in the same row or in 
the same column. The number A, is the product of n! and the 
number B„ of the arrangements, in which the symbols (2) follow each 
other in the manner indicated by (2). 


6. We can divide the BD, arrangements into n groups, thus, that 
the zb group contains those arrangements, in which @s; precedes 
the other symbols (3). That i" group can be subdivided into two 
parts, the first part containing the arrangements in which @s; precedes 
Gi, the second the arrangements in which @s; comes after Gy. 

The first part of the «" group contains as many arrangements as 
when Gj; and @s are cancelled, hence B,_ı arrangements. 

In the arrangements oceurring in the second part of the ii group 


the symbols Gi, @13,- -. ., Gi precede all symbols (3), so that we 
may cancel the symbols G1, @12, - - . . , Gui. If we only pay attention 
to the arrangement of the symbols Ge, Gss,...., @r3,—ı mutually 


and towards the symbols 
Ge, i+1) G3,i+2, So) Fan, a Pa Te (4) 
! 


ACH DER BERN: 
(considered as identical) we obtain Fe possible arrangements. 
N—tı)! 


ni 


995 


Each of these arrangements leads to B,_; possible arrangements, if 
we also pay attention to the order in which then—i symbols (4) are 
placed mutually and respectively towards RE Bee, Ge 
It appears from this, that the second part of the v" group contains 
erdlsr 
(n—i)! 
if we interpret D, as 1. 


D„-; arrangements; this also holds good in the case i—n, 


zıy 


Hence the zit group contains altogether B,_ı ER ee 
a n—)! et 
arrangements. This leads to 
n EA W 22. BR 
= 3 | + BSH) tmi/ 2 2e, o) 
ii . 0 kt 


7. If we replace in (5) n by n—1 (for which it is necessary to 
assume n > 1) we shall find: 


2. B 
2, ml B, +@-2)7 2 nn 


zn which follows according to (5): 
B„ = 2n B,_ı — (n—1)’ B,_.. 

From this equation in finite differences (which is homogeneous, 
linear and of the second order) and proceeding from B, —=1 and 
B,=2'), we can successively compute D,, D,, B,, ete. Thus we find: 
B,=17, B—=34 B,—=209, B,— 1546, B, — 13327, B, — 130922, 

B, = 1441729, B, = 17572114, B,, = 234662231. 


8. Owing to A„=n! B„n we now find for the number A, of the 
ways in which we may caleulate the G@. C. D. of the numbers a, a, 
and b, eh: 

A—=2, A,—=14, 4,—204, 4A,—=5016, A, — 185520, 
A, = 9595440, A, — 659846880, A, = 58130513280. 


9. If m and n are both > 2, the determination of the number 
of ways, in which the G.C.D. of the two products can be found 
according to the method as indicated in N’. 1, has become considerably 
more diffieult. Em=n=3 we find (by systematie finding out all 
the various cases) for the number sought 19164. 


‘) By taking n=1'the formula (5) leads, in connection with B,=1,t0o A, =2, 


n—2 Bk 
>23 Nee then being O0 (as sum of zero terms). 
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Chemistry. — “On the Phenomenon after Anodie Polarisation.” U. 
By Prof. A. Smits, G. L. C. La BasriDe, and Tu. DE UrAUWw. 
(Communicated by Prof. P. ZeEMAN). 


(Communicated in the meeting of June 28, 1919). 


1. It was shown in a preceding communication that the 
phenomenon that appears after anodie polarisation of iron in an iron 
salt solution is owing to this that during the anodie solution the 
iron gets surrounded by a liquid layer which is very rich in fervo- 


Ver \ 


e : : BR en 
ions. As = will be greater in this liquid layer 
e 


than outside it. After the current has been broken the ferri-ions will, 
therefore, diffuse from the surroundings into the boundary layer, 
die") 
(Fe) 
to become again smaller in the boundary layer. In consequence of 
this change the potential of the iron, which was at first less negative 
or positive through the disturbance of the metal, passes through- a 
minimum value after interruption of the current. 

That the above explanation actually accounts for the phenomenon 
was proved by the fact that the phenomenon disappears altogether 
when the iron salt solution is .previously heated in a hydrogen 
atmosphere with iron powder for some time. We then get a ferro 
salt solution which is in eleetromotive equilibrium with unary iron, 


I.» 


whereas the ferro-ions pass outside, which causes the ratio 


so that in .the boundary layer the ratio practically does not 


e 


change when the iron is anodically dissolved. 


2. In the above mentioned. communication it was pointed out 
that: the potential of Nickel after polarisation in a solution of NiSO, 
likewise passes through a minimum value, so that it was already 
supposed that this phenomenon would have to be explained in the 
same way as for iron. 

To examine this the phenomenon for Nickel was first photographed 
when the metal was immersed in a solution of NiCl,. In this the mini- 
mum shows itself very clearly, asthe adjoined phäto (fig. 1) sets forth. 

The process is much quicker than when an NiSO, solution is used, 
in consequence of the positively catalytie action of the chlorine ions. 
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Then the NiCl, solution was heated for some time in a hydrogen 
atmosphere with finely divided Nickel that bad been prepared by 
reduction of NiO at relatively low temperature, after which the experi- 
ment was repeated. As the following photo shows (fig. 2), the pheno- 
menon had now entirely disappeared. 

3. If was already pointed out in the preceding communication, 
that as it were, the reflected image of the phenomenon was to be 
expected, when e.g. iron immersed in a ferro-ferri-salt-solution is made 
(Fe ) 
(Fe) 
the iron by sending Fe'-ions into solutions, strives to bring such a 
change in the boundary layer that in case of unary behaviour, it 
‚can be in equilibrium with it. Hence the farther the liquid layer is 
(Fe') 
(Fe) 
iron, immersed in the supposed solution, is made cathode for a 
moment, the iron will be deposited from the boundary layer, and 
the ions from the following layer will diffuse into the boundary 
Fe") 
(Be) 
iron after cathodic polarisation comes in contact with. a liquid layer 
in which the ratio 

(Fe) 
sation, which causes a stronger disturbance in noble direction, hence 
a less negative potential. After interruption of the current the said 
ratio will now increase again through the solution of the iron, so 
that {he potential of the iron becomes again more negative. As on 
cathodie polarisation the iron gets covered with a layer of iron, 
which at first deviates from the unary iron in base direction, a 
phenomenon after cathodie polarisation was really to be expected 
also here, which would have to consist in this, that after interruption 
of the current the potential of the iron, after cathodie polarisation, 
passes through a maximum value. ') 

As the photo on fig. 3 shows, this supposition is confirmed. The 
maximum B lies about 30 m.V. less negative than the initial potential 
indicated by the line DE. 

It will now be examined whether the same phenomenon can also 


be observed for Nickel. 


cathode. The ratio 


will be greatest at the iron surface, because 


from the iron, the smaller will be the ratio When therefore 


layer, and as the ratio is smaller in this following layer, the 


-is smaller than before the cathodie polari- 


Laboratory for General and Anorganie 
Amsterdam, June 27, 1919. Chemistry of the University. 
}) Through diminution of Ihe total ion concentration the potential becomes more 
negative in a small degree, so {hat this circumstance still slightly counteracts Ihe 
phenomenon under consideration. 
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Physics. — “Researches on the Spectra of Tin, Lead, Antimony, 
and Bismuth in the Magnetic Field.” By Dr. P. A. van DER Harst. 
(Communicated by Prof. P. ZEEMAN). 


(Communicated in the meeting of June 28, 1919). 


To carry out the observations of which the deseription will follow 
here, I have made use of the grating apparatus of the Physical 
Laboratory at Amsterdam, which had 'been placed at my disposal 
by Prof. P. ZEEMaARN. 

The experiments will be described more at length in my thesis 
for the doctorate, which will be published under the above title. 


1. The spectra of tin, lead, antimony, and bismuth have been 
little, if at all, studied as to their ZEkMaAn effect. The only scientist 
that made systematic observations on these elements in this respect, 
is Purvis'). As is known, his results often present, however, great 
deviations from those of others, which is chiefly owing to an error 
in the measurement of the intensity of the field. Besides, Purvis 
measures but few lines of these elements, viz. only those for which 
no longer time of exposure was required than half an hour to get 
them distinetly enough on the photographie plate to be measured. 
It seemed, therefore, desirable to me to subject the magnetic resolution 
for these elements to a closer examination. 


2. The grating apparatus has been described by Mrs. H. B. 
BILDERBEBK— VAN MEuRS?). The grating is a concave one of Rowland ; 
radius 3 m., width 8 cm., 14438 lines per inch. Slit and grating are 
rigid with respect to each other, and with respect to an iron eireular 
arch, on which the photographic plates are clasped, so that the 
exposure can be simultaneous in all orders. | 

The width of the slit generally amounted to about 20 u, i.e. 8 


!) J. E Purvis. The Influence of a very Strong Magnetic Field on the Spark 
Spectra of Lead, Tin, Antimony, Bismuth and Gold. Camb. Phil. Soe., 14, 217 
1907; Nature, 76, 166, 1907. 
s °) H. B. BILDERBEEK—v. Meurs. Magnetische splitsing van het ultraviolette 
yzerspectrum (A 2300—i 4500). Diss., Amsterdam, 1909, 
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times the normal width of the slit') for the arrangement used. As 
lens I used a double lens of quartz-caleium fluorite, transparent to 
ultraviolet rays, and moreover achromatiec. The image of the source 
of light always fell at the same place of the slit. 

It was generally necessary to separate the vertical and horizontal 
components with a calespar rhombohedron, placed between the 
source of light and the lens. One of the two images formed in this 
way, was projected on the slit. ? 

The magnet was a large-size Du Boıs magnet, of which the end- 
planes of the conie pole tops were eirenlar with a section of 
generally 3 mm. The distance between the poles was never greater 
than 4 mm. The magnetizing current was measured with a thermie 
Amperemeter of Hartmann and Braun, and generally amounted to 
15 Amperes. 

As source of light was used a spark between electrodes 
of the metal under examination, or alloys of it. The spark was, 
parallel to a condenser, in the secondary eireuit of a transformator 
(of Koch and Srterzer, at Dresden), of which the primary circuit was 
fed by the municipal alternating current. Besides in the secondary 
eireuit there was found an auxiliary spark, and an adjustable self- 
induction, in series with the spark. The partieulars of the spark 
discharge (intensity of light, sharpness of the spectrum lines formed, 
melting of the electrodes) and the influence on this of self-induction, 
capacity and auxiliary spark will be fully discussed in my Thesis 
for the Doctorate. 

As photographie plates I mostly used “Agfa Röntgen” plates, 
which I made previously sensitive to colour by bathing them in 
“Pynachrom.” The plates prepared in this way were preferable in 
my opinion to tlıe commercial colour-sensitive plates. 

The measurements were performed with a Zeiss comparator. The 
results were divided into four groups according to their greater or 
less accuracy, which I gave in the tables the weight: u 2 
The first group had a probable error of 1°/, or less, the second 
from 1°/, to 5°/,, the third from 5 °/, tot 10°/,, the fourth of more 
than 10 °/,. For the precautions taken in the measurements and the 
determination of the error I refer to my Thesis. 

Also the preliminary experiments: the focussing of the plate-holder, 
the determination of the dissolving power, and the scalar value will 
not be treated further here, but may be found in my Thesis. The 
resolving power was certainly not smaller than the theoretical. 


{ !) Schuster. The Optics of the Spectroscope. Astroph. J., 21, 197, 1908. 
20* 
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3. Observations. The different intensities of the field were always 
determined by measuring the resolutions which were caused by them 
for Zn 4680, in which the degree of resolution of this line was 
compared with that obtained with the well-known absolute measure- 
ments of Guenin, Weiss and Corrox ‘), and Forrart ’). As standard 
value for n .10° I took the mean of the values obtained by them, 
viz. 9,376. I mostly worked with fields that lay in the neighbourhood 
of 30000 Gauss. 

For tin and lead'the electrodes were flexible strips of these metals, 
which were stretehed cross-wise over the pole tops. For tin the 
spark was still cooled by blowing with a Föhn, because otherwise the 
electrodes were melted through too quickly, and the discharge passed 
into a eontinuous one. ‚This method was discarded for lead, because 
with the Föhn there would often be a hitch, and an auxiliary spark 
was inserted in the secondary eireuit in series with the illumi- 
nating spark. By regulating the distance of this auxiliary spark, we 
have much better eontrol over the action of the illuminating spark. 
The electrodes of the auxiliary spark must not oxidise, however, 
because then we get there a more continuous discharge, whereas 
the very function of the auxiliary spark is to obviate this drawback, 
which is met with for the illuminating spark, and is not to be avoided 
there; it has, therefore, to ensure an interrupted discharge. For this 
purpose the bulbs of brass, of which the auxiliary spark_consisted, 
were coated with platinum hoods. The strips of lead were kept 
tightly stretched over the pole tops, as otherwise they are apt to bend 
over towards each other, thus rendering the spark length too small. 

No flexible bands could be made of antimony on account of the 
brittleness of this metal; I therefore used small flat rods of this 
metal as electrodes, which were clasped in a spark stand of brass. 
An advantage of this metal is that it has a pretty high melting-point, 
and tliat therefore the electrodes do not so quickly melt through. 
I have only used Bismuth as electrode as alloy with antimony (60 
percentages by weight of bismuth) else it combined the drawbacks 
of tin and lead that it melted soon, and that of antimony that it 
was brittle. In the alloy the first drawback was eliminated, and it 
could further be used as antimony. 

I must state further that in the tables in which ScHippers®) records 


e) P. Zerman. Researches in Magneto-opties. Mac Millan and Co, London, 1913, 
p. 67. Deutsche Uebersetzung, Leipzig, J A. BarrH, 1914. 
?) R. Forrar. Recherches de magneto-optique. These, Paris, 1914. 


®) H. Schuiprers, Messungen am Antimonspectrum. Zs. f. Wiss. Phot., 11, 


235, 241. 
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his measurements on the antimony spectrum, and which are inserted 
in Karser’s Handbuch der Spectroscopie, I came across some lines 
which I never found on my plates. They are the lines 4370, 4295, 
4287, 4091, 4078, 4038, 4024, 4006, 4004, 3979, 3721, 3167, 3460. 
From some experiments which I made with the purpose of ascertaining 
whether these lines existed, I think I have to conelude that Scnippurs 
was mistaken, and took lines of the third order for lines of the 
second order. These lines are in my opinion successively the following 
lines of the third order: 2913, 2863, 2358, 2727, 2719, 2692, 2683, 
2671, 2670, 2653, 2480, 2311, 2306. 

Besides my own results I have recorded those of Purvıs in the 
tables. I did not, however, use the intensity of the field which he 
gave, because this value is undoubtedly too high. Instead of this I 
have ascertained by the aid of my results what field intensity Purvis 
used by comparing the average of his results with the average of 
mine; this separately for every element. Thus I found successively 
for tin, lead, antimony, and bismuth 30400, 31100, 28700, 31100 
Gauss. Corron estimates the field intensity used by Purvıs at 30800, 
he himself gives 39980 Gauss. For the beiter mutual comparison of 


d} 
the results those of Purvis for = have been divided in the sub- 


Joined tables by the above mentioned field intensities. 
The wavelengths are recorded in round values in international 


Angström units. 


4. Discussion of the Tables. On one of the photos for tin, on 
which the two kinds of components appeared at the same time, 
were further seen the quadruplets 2368 and 2762 (arc line), which 
had successively the values 34.6 (3), 48.0 (2), and 49. (2), 56.6 (3) 
as values for (di: 2°”H).10'‘. The values between parentheses indicate 
the weight. 2266 and 2408 are split up. The amount of the splitting 
‘up cannot be measured, but amounts successively to less than 76 
and 59. 2355 is probably split up. 

For antimony the air line 364 given by ScHippers is also observed 
as split up, Of this (di: 2° H).10'' = 66.2, weight 3. 

There are some among the Bismuth lines, for which we should 
be cautious when judging about the splitting up. In what follows I 
shall indicate by an s everything that refers to vibrations normal to 
the lines of force, a p marks what refers to vibrations parallel to 
the lines of force. ER 

3068. The s-figure was on some photos a triplet of asyımmetric 
intensity. Then the corresponding p-figure was a doublet, which 
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looked exactly like a reversed line, so that I supposed the s-triplet 
to be really a doublet of a reversed line, the two middle parts of 
which eoineided. This appeared to be true when later on, probably 
through the increase of the self-induction, the s-triplet was trans- 
formed into an ordinary doublet, the p-doublet into a single line. 
Also a photo, made with an alloy in which there was less bismuth, 
presented this latter form, viz. an ordinary triplet. Compare also 
what Purvıs says about this line. 

4260. I suppose that the same thing applies for this line as for 
3068. When the self-induetion was carried up in order to get cer- 
tainty, this line became, however, too faint to allow us to draw 
conelusions. In favour of the supposition pleads that the splitting np 
of the p-components is as great as that of the s-components. 

4122. This is in my opinion a different case. Exnzr and HAscHER 
give two lines here, 4121.75 and 4122.08, the latter slightly beavier 
than the former. I too find two lines with a distance 0.24 Auklk 
and the same ratio of strength. They do not look at all like one 
reversed line. The s-figure is a triplet which slightly changes in form 
when the eircumstances change (see table. The difference in 
resolution between corresponding components in the two cases will 
no doubt be owing to the difficult_ and therefore unreliable observa- 
tion. I think, however, that the difference in distance on either side 
of the middle component actually exists. A triplet is recorded for 
the p-figure. There is a blurred faint line, which towards red, and 
also but still fainter towards violet fades over some distance and then 
ceases more or less abruptly. I think, however, that l see a separation 
in some places. The measurements are of course worth little. Purvıs 
states 72.3 for the splitting up. This is about equal to what I found 
for the splitting up of the outer components of the s-triplet. 

4723. Wars MonawmaD gives a description of this line as far as 
its behaviour is concerned for weak magnetic fields, studied by the 
aid of an echelon.‘) I myself find on the s records 2 middle eom- 
ponents, by the side of each of which there is a broad smudge, 
which stops pretty abruptly. 

There is hardly any separation to be seen, which renders the 
measurement difficult. Nevertheless the different measurements of the 
outer components are in good harmony, those of the inner compo- 
nents not quite so good. The p-doublet is very close together, so 
that it is self-evident that a large comparative error arises there. 


) CH. Wan MOoHAMMAD. Untersuchungen über magnetische Zerlegung feiner 
Spektrallinien im Vakuumlichtbogen. Ann. d. Phys. (4). 39, 225, 1912: Diss., 
Göttingen, 1912, 
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In the table the most violet component is marked by —, the most 
red by +. In this case the splitting up is not =2dR, as is given 
in the heading of the eolumn, but —= dA; 0 does not mean that the 
line is at the place of the original unsplit one, but only that there 
is a component there. 


5. (reneral results. When we compare the results in what 
precedes, it strikes us at once that though the general course of 
the results may be the same, there yet oceur a good many devia- 
tions, which amount to more than the given probable error. Further 
it occurs occasionally that a quadruplet is mistaken for a triplet, 
which is not astonishing with the middle components of these often 
blurred lines, which are so very close together. That something 
similar may be the case with other lines which are given as triplet, 
is not impossible. 

An agreement as Purvis gives between the quadruplets. Pb 3740, 
Pb 2873, Sb 3723, Sb 3638, and possibly Sb 2668, Bi 2989, does 
not exist according to my mieasurements, except perhaps that between 
Sb 3638 and Bi 2989. When we examine whether there is perhaps 
some connection between the resolutions of the lines for which 
Kayser and Runge ') find the known constant differences of frequency, 
it appears that there is no such eonnection. Van Lonvizen ”) has given 
seriesin the speetra of tin and antimony. The correctness of this is, 
however, doubted by Saunpers ’) and Arnouos ‘). Ihave now examined 
whether the laws of Preston were valid for these series. Of series 
I, which v. Lonvizen gives for the tin speetrum, I have found the 
resolutions (i.e. the values for dA :2°H, see table) 29,6 and 56,1 for 
the lines 3656 and 2785, in this series 2408 has a resolution smaller 
than 59. In series VII I find for the lines 3801, 2851, 2594, 
2483, 2422 successively the splittings up 40,5, 42,5, 44,7 (56 and 
46,8), 45,9. In this 2483 gives a quadruplet, the other lines give 
triplets. Series VIIl: 3175 and 2483 give successively 69,7 (56 and 
46,8) as splitting up. Antiımony. Series XIII: the lines 3268 and 2574 
have successively a resolution of 40,9 and 45. Series XIV: 3505 
has the splitting up 63,7 and 2719 has 51.5. Series XX:: 3233, 2653, 
3478 have the resolutions 60,0, 63, 68,7. 

ı) H. Kayser und C. Runge. Ueber die Spectra von Zinn, Blei, Arsen, Antimon, 


Wismuth. Abhandl. Berl. Akad. 1893; Wied. Ann., 52, 93, 1894. 

2) T. van Louvizen. Bijdrage tot de kennis van lijnenspectra. Diss., Amsterdam, 
1912. 

>) F. A. Saunpers. Astrophys. J., 36, 409. 

4) R. ArnoLos. Das Bogen- und Funkenspectrum von Zinn (von A 7800— A 2069). 
Zs. f. wiss. Phot., 13, 325. 
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For the other tin and antimony series I have obtained no line 
that was split up or only one. 

When we study (he above results, we see that of the series for 
which it is possible to give an opinion in how far they follow 
Preston’s laws, only series XIII is not in confliet with these rules. 
In series VII the resolutions gradually increase; the first and the 
last splitting up’lie farther apart than the limit of errors. Besides a 
quadruplet occurs there in the midst of the triplets. Even if these 
triplets were at bottom quadruplets, of which only the middle com- 
ponent was seen unsplit, which is very improbable, even then the 
amounts of the resolutions of the outer components would not be 
in agreement with each other. — The foregoing does not plead, in 
my opinion, in favour of v. Lonvizen’s results, though there remains 
a possibility that there are series that do not follow the rule of Preston. 
The efficacy of the Zurman-effects for the diserimination of spectrum 
series was very apparent when Runge and PascHen found double 
lines in the spectra of Mg, Ca, Sr, Ba, which lines were changed 
in the magnetic field in the same way as double lines in prineipal 
and subordinate series in the spectra of the alkali-metals, while 
similar results were also found for some double lines from the 
Ra-spectrum. The hopes raised in 1902 and 1904 by the said 
researches with regard to the finding of series are accordingly not 
realized as far as the metals examined by me, are concerned. 

I have further also tried to find regularities myself. For this 
purpose and also in what precedes I have made use of a graphical 
representation, which seemed convenient to me. I have arranged the 
resolutions in every element according to their amount, and then 
plotted them on tbe same scale vertically under each other, as is 
usually done when resolutions are to be compared inter se. Two 
successive resolutions on the whole differing but little in amount, 
there arises a curve. A vertical part represents a number of equal 
splittings up. When the corresponding lines are indicated by the 
side of the resolution figure, we have at once a survey of all the 
lines that possibly belong to a series. Compare thegraphicalrepresentation. 

In this the resolution figures are only represented half, which, 
however, does not give rise to difficulties, as they are symmetrical. 
The eomponents are not indicated by single lines; I have blackened 
the whole region, where they can be found according to the probable 
error. The vertical lines traced in the figure, are at distances = half 
the normal splitting up. A sloping straight part of the curve means 
that between two definite amounts of splitting up the resolutions 
are regularly distributed. When I examined this for the resolutions 
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of the four elements examined by me, I obtained four curves, each 
consisting for the greater part of a straight sloping part, which 
(Fraphical representation of the resolutions. 


“By, |  Zond. 


I 3656| | 4336 
| 2914 |\ 4245 
[1 3249 || 4020 
| 4586|| 2802 
= 3283| | 4168 
| 3801 || 16137 B 
E 2851 | 5609 
Z#H29 || 2614 
2594 || 3672 
2422 || 2873 
4058 
3573 
2823 
3740 
2577 
2833 
3640 
2663 
4062 
3683 
A476 
2698 
2713 
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4352 
2719 
2598 
3248 
3233 
2529 
26/2 
2683 
3274 
21677/ 
2653 
3305 
3030 
2478 
3683 
3638 
4219 
3723 8 [ 
17722 
234 3] 
2878 8 Ei 
3383 


Wir 5 


| 
| 


therefore means that for each of the elements nearly all the resolutions 
are pretty well regularly distributed over a definite region. For tin 
most resolutions lie in this way between 40 and 70, for lead between 
45 and 70, antimony has a series of resolutions between 60 and 65, 
and further some in the neighbourhood of 70, of bismuth there exist, 
indeed, rather too few results, but these lie pretty regularly between 


45 and 70. 
A distinetly vertical part, i.e. several equal resolutions does not 
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6. Tables. 
a ae ee Fe En an 
2dA(H=34%) | (dA: AH). 1014 | 
; ; v..: : | | Purvis’ observ. | 
vibration | vibration my a | di | REMARKS. 
L1. off. //1.off. | observations | 75 304 
2 ana | 2a 
| | 
2335 0.322|3| 0 284.6 I Den | 
2422 0.188 |3 0 45.9. 0 
2429, 0.18 |2| 0 18 
2483| 0.4 2 0.2213, 56 46.8 
2496| 0.222 |3 | 0.4 |0 55.7 | 32 
25431 :-0.221 13.) 0 Mi 1 0.210088 
2572) 0.291 |3| 0 | 683.1 Obere 
2594 0.210|3 0 | 4.7. 0 
2661| 0.207°|3| 0° NS 59.9 0 
207 "0.397 3) 077 NAMlERS:0 72.2 1180 
215017 0.3220 33.007 | 7 8507 0 | 
le || en | 
2813 split. up, 0 split. ups. | Thesplittingupis 
2814| 0.20 3 | 0 4.9 | 0 | about asgreatas 
2840 0.385 |3 | 0 68.5 | 0 66.1. .1...0 0), halal2els. 
2851| 0.241 |3 | 0 25| 0 42.6 0 
2863| 0.372 |3| 0 65.0 0 64.5 
2914| 0.21 |2| o 35 0 
3009| 0.429 4 0 67:9 ) 66.1 ) 
3033| 0.313 |3 | 0 | 48.7 ) 
3034| 0.463 |3 | 0 72.1 0 70.5 0 
3142| 0.368 |3 | 0 | 32 | 0 
3175| 0.490 |3, 0 | 69.7 0 70.4 0 
3219| 0.201 13 0 36.1 0 
3262| 0.57 |3 | 0 48.2 0 4.5 | 0 
283 0.0 ılo | | 0 | | 
3331| 0.462 4 0.302 3| 59.6 | 39.1 | 58.8 | 40.0 | 
33521.0539. 04 2..2. 0,1200 49 0 
3656| 0.276 3| 0 29.6 0 
3301| 0.409 4 | 0 “0.5 | 0 u OR 
4525| 0.755 |3| o 50.6 | 0 A 
4586| 0.59 2| 0 40: 0 
4618| 1.316 3| 0 88.5 0 
5563 | split. up 0 split.up 0 
5589| 1.02 |2| 0 41 0, 
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2) Should this perhaps be 3573? 


| 2614. 


ı measurement; 


REMARKS. 


Lcomponents: pro- 


bably there are 4lines 
here, 2 distinct ones 
and 2 faint ones; the 
two middle ones al- 
most coincide. Proba- 
bly the 2 faint ones 
belong to 2613.7,-the 
two distinet ones to 
The distance 
middle faint one to 
middle distinct one 


— 0.45 A.U „the distan- 
ceaccordingto Klein’s 
table between 2613.7 


jo] 
and 2614 — 052 A.U, 
which - corresponds 
with what I measure 
on the photo without 


| field. The agreement 


0.45 and 0.52is bad, but 


was not to be expect- 


ed better in view of 
the components of 
2613.7, which are so 
difficult to measure. 


// components: The 
splitting up 130 of 
2613.7 rests on only 


| one, very inaccurate 


the 
distance from middle 
to middle amounted 


o 
to 0.49 A.U. 


Lead. 
TH WEGE 
| 2dA(H=32810) | (d: A2H). 1014 
| 
N vibration | vibration | my own a at 
el 01T. // 1. of f. observations FE 334 
aaa |ej2uär) a] Mora yore, | Mir, | viret 
| 
2476 0.294 30 | 13.2 | 0 | 
2577 0.277 30 63.6 | 0 | 
2613.710.23 1018 |ı) 51 30 | 
2614 0.24 | 2|0.21 |2| 8 46 | 
2063 |o.s08|3 0 | 610 
298 [0.44 slo | | 20|0 | 
27131) | 0.426 3 0 88:7 1.0 | 
2802 |0.29 13 0.18 3 4.3 | 35 44 0 
2823 0.3183 0 Ber Es: 41.5 | 0 
28333 0.34 |2 0.19 2| 36 63.0.| -0 
2873 0.297 3 0.21 3 34.9 40.8 66.0 31.2 
3573 0.492 3 0 | | 58.9 | 0 | 
35762) | | | 62.1 | 0 
BRNO. 2 07 166 | 0 66.0 | 0 
3672 0.481 3 0 | 54.2 0 57.0 | 0 
3683 |0.600130 | 68.3 0 0.2 | 0 
3140 0.576 |4 | 0.208 | 028 2.6 | 644 | 30.6 
2020 \o.s0ıIsio | Ia.s lo | 
4058 0.646 3 0 51.8 | 150 57.6 |. 0 
4062 0.79 410 eat s®6 68.2 | 0 
4168 0.57 2 0.468 3 50 40.8 
4245 0.537|3 0 | 30 22| 06 
4386 0.543 30 1 4.0:| 0 377.0| 0 
5609 1.706 |3 0 | | 32.0 | 0 
1 Arc line. 


Antimony. 
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2dA (H = 26290) 


(dA: 22H). 1014 


j : i i Purvis’ observ. 
h, vibration vibration | my 2 d} REMARKS. 
EL orE // 1. off. | observations 732.81 
242 |8| 247 |g| "Lort „nort| u kor |koft, 
| | | | ne 
2311| 0.23 |2|0 81 ) 
2446| 0.152 3|0 48.7 0 
2478 0.220 310 68.7- 0 
2529| 0.20 2/0 60 0 55.2 0 
2574| 0.15 |20 | 45 0 
2598| 0.19 | 2 0 54 0 55.5 0 
2612| 0.217 |3 | 0 60.9 0 
2617 split. up 0 'split.up| 0° 
2653| 0.23 ;2|0 EBEN REG 
2669 | 18.4 34.7} Aretheseperhaps 
2671, 0.294 3 0.01 3 62.8 34.5, re 
2683| 0.229 3 0 I MER oa | 
2119| 0.199 |3 0 Bi5 0) | 
2121,.0.212.1.010 Na 
2770 | | 41.8 o 
2851 |split.up 0 | Ispiit.up| 0 | | 
2878 0.367a.0 3 0.160 | 3 +84.8a.0 36.9 + 77.02. 0 36.4 3 Land 2//com- 
3030 0.310 |4 | 0 EB >|. Rat To Pen 
3233| 0.327 4 0 60.0 0 60.7 0 | 
3248| 0.309 |3 | 0 2 
3268 0.233 |3 0 40.9 0 
32714 0.5 |2|0.9 2| & 34 
3383| 0.571 |3 0 95.5 0 
3505| 0.408 |3 | 0 63.7 0 | 
3638| 0.44 |310.19 |2| m.2 | 27 13.201 34.00 
3683| 0.496 |3 0 70.2 0 | 
3723| 0.523 |4 | 0.23 |3 723 | 37.8| 71.7 | 35.0 
4034 0.8 2 0 | 33 0 | 
4195| split.up 0 split. up 0 
4219 0.65 0 71 0 
4352, 0.496 3|0 50.0 0 
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Bismut. 


2dA(H = 26290) (dA: A2H). 1014 
vibration Sihrafich my own Purvis’ observations 
Lloff. MJeor 2} observations | - :3.11 REMARKS. 
| 
2di g N odr vibrat. vibrat. vibrat. | vibrat. 
| El a koff | Hoff. | 1 lofk. |/loff. 
0.15. |0| 0 48 0 
0.247 | 310 56.0 0 | 56.6 0 
0.286 3, 0 u E 63.2 0 59.2 0 
0.314 |3| 0.124 |2 66.70 26 64.0 26.4 
0.260 |3 | 0 | 66:3. ee: 0 
0.292 |3 split.up?, Be | Ran 
. ı 3, split.up? 60.7 ‚ split. up? | 59.2 21.5 | p figure, i.e. I think I find 
| | | | ES el an one 
et | 69.8 DR Purvis”value is probably 
0.222 |3| 0 I 407 ne nie Heid was too aman 
| | | | for this line to be seen 
0.2.1 |3|:0 | |...9.8 ER 
0.461 3, 0 ae 0 
0.3221 |3| 0 41.2 0 41.6 N) 
0.285 |2 0 38 0 
=0.80,0, 1, wi H — 26290 Gauss; self 
+0.34)|2 4 0.350, 1 —33,0, + 38 ,—35,0,+34 Be induction 0.1 millihenry. 
—0.28, 0, el ae 
0.312) 2 | too faint  —31,0,+35| too faint se 06 allen 
a2 0m 12-040 0 | re 
6.35and|y | 021 |2| sen es ee 
0.35 ae 
0.83 0/0 60 0 
| 


!) The reddest component is somewhat stronger than the two others, which are 
equally strong. They are equally sharp. 

2) The 2 outer components are about equally strong and sharp, the middle one 
is fainter and very vague. 

3) The middle component is the strongest. The most violet component is fainter 
than the most red. Only when made more distinct by scratching with a needle 
this violet component could be measured. 
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oceur. Hence in the search for, series by the aid of equal resolutions 
hardly any result can be obtained by means of these curves. I have 
‚also tried it for tin and for antimony lines, which had a splitting 
up between 60 and 65, but likewise with no success. 

I further examined whether there existed simple relations between 
the distances of the components for more than triple resolutions, 
which were rather accurately measured (weight 3 or 4). For Sb 3740, 
Sb 2671, and Sb 2878 I did not find simple relations. For Sn 3331 
the distances of the components are in the ratio ef 3:2, when the 
values 59,3 and 39,5, which lie within the limit oferrors, are taken 
for them. For Pb 2802 the ratio is also as 3:2 with the values 
49,1:32,7, Pb 2873 gives °54,7:410 —=4:3;, Sb 3723 gives 
72,6:36,3—= 2:1. There is, however, no mutual connection Or & 
simple relation to the normal resolution. 

The results may be briefly summarized as follows: 

The ZsEMAN-effeet was measured of 35 tin lines, 23 lead lines, 
27 antimony lines, and 16 bismuth lines. In this deviations were 
found with Purvis’ results which refer only to a few lines, probably 
in consequence of his less accurate measurements. No relation was 
found between the resolations of those lines of the examined metals 
for which it was proposed to arrange them in series or those which 
are arranged according to the laws of the 2rd kind of Kayser and 
Runge. The resolutions are pretty regularly distributed between 
values which amount to about 1 and 1,5 times the normal resolution. 
As an incidental result I found that a number of lines given by 
SCHIPPERS for antimony, are not real. 


Mathematies, — “On a remarkable funetional relation in the 
theory of coefficientfunctions”. By Dr. H. B. A. Bock winkt. 
(Communicated by Prof. H. A. Lorkntz). 


(Communicated in the meeting of September 27, 1919). 


1. Let (ft) be a function having no singular points without the 
eirele (1,1), i.e. the eirele with centre z—=1, and radius 1. Let 
p(@) be zero and the order 9 of Y(t) on the eircumference of the 
eirele (1,1) be different from + o. Then in the series 


er 
ey Inc a NT 5) 
0 
the characterisice k= lim [log |gn :logn] of the coeffieients g, is 


nz=an 
also different from —+ &, in virtue of the known relation k=g—1. 
If g9<0, then the integral 


=, [pr ora BETEN 2) 
2 ni 
(11) 
taken along the eireumference of the cirele (1,1) ewists for R(&) >0, 
because in that case the series (1) converges along that circumference; 
the value of #1 in it is so defined that the argument of £ lies 
IT 
ar 
with zero limit. The function w(x) is called coefficientfunction by 
PIncHERLE'), owing to the relation 9, = w(n+1). Conversely (tl) is 
called the generating function of w(a). PINcHERLE considers the 
relation between these functions especially from the point of view 
of the Functional caleulus. If we write 
eo] N: Bin allen »si22) 
l is an additive functional operation, which satisfies a certain number 
of simple funetional relations; these relations may be used in order 
to define the coeffieient-funetion in those eases in which the integral 
(2) does not exist. Thus we find easily 
ItygWJ=e(« +1) and Zp(()= — («—])w («—1). . . (4) 
and by combining these two equations 
Io) =— («—1) It), | 
1) Sur les Fonctions Determinantes, Ann. de l’Ec. Norm. (22) 1905, (Ch. IV). 


m 7 
continually between — 3 + d and d, d being a positive quantity 
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which, by iteration, passes into 


IE Tea nee gl) 
It is easy to see that the latter equality is also valid for negative 
integral values of r. It is, however, remarkable that the same equality 
holds for not-integral values of vr. This property I have made use 


of in the investigation of a function represented') by a binomial series 


1 Wehe 1 
2( j the most typical series in which a coefficientfunction 
: n 


can be expanded. The object of this note is to give a proof of the 
general validity of the equality in question. 


2. We substitute —a for r and replace Y(f) by the expression 
p(t): (—1)*, in order to have always to deal with functions which 
are regular for 2=w. In accordance with Rıkmann’s ’) definition 
of the derivative of negative order —«a of a function we assume as 
such the following one 


un. 1 fa-YoW t i 
als; ee (u—1)« a ei 
t 


In this we take as path of integration the half-line beginning at 
u=t, whose prolonged part passes through «=1; and we assign 
the same arguments, Iying between — a +d and +7 —d, to 
w—1 and uw—t. Then the so-defined derivative is also regular 
without the circle (1,1) and zero for {= ®; and by the substitution 
wu—1=(t—1):s we find after a sliglıt reduction the expansion 


pP . -} T(n+1)9, 
(t— 1) In +1+e)t— 1yH' 


ID (6) 
which, therefore, is related in a Nah manner to the expansion 
for gt) itself. The order of this derivative, as will appear imme- 
diately from this series, is « less than that of p(t), and therefore 
negative together with the latter“order. On this supposition we 
may apply the operation / to it in the form (1), so that by this 
the ewistence of the first member of the equation to be proved, viz. 


— 1\& D-% TAGE Er Ne) te (t) 
om» ee “ 


!) These Proceedings Vol. XXII,N®, 1. Nieuw Archief v. Wisk. XIII, 2e stuk (1920), 

2) See BoREL, Lecons sur les series & termes positifs, p. 74. The constant « 
oceurring there is taken equal to © here, in connection with the regularity of 
p(t) for ==. 
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has been laid down. Passing to the second member we write 


1 
an a fe ei 
T(<-+0e) Te) / ; 


where the argument of s and of 1 —s is zero. Further 


la i= 1 ee HE 
A re 


(1,1) 


so that the second member in question is equal .to 


1 
1at+2—1 It) = Me 
2 ai ae de f- 1 — s)e-1 “| dt. 


0 


If we a the second integral s—= u: t, this expression 
passes into zT 
t 


1 Fe) a 2 
2mil(e)) (t-1)° ll“ N RR | de. 
0 


(1,}) 


Since the argument of s was zero, the argument of « is equal to 
that of 2; thus the variable under the sign of integration goes along 
the straight line from u=0 to u=t in the u-plane. But it may 
go as well from u = —i), on the eirecumference of the eirele (1, 1), 
along that eircumference in the positive direction to the pointuv =. 
On this supposition we consider the system of two integrations, to 
be performed in succession, as a double integral. Then in the corre- 
sponding aggregate (u, ft) a definite value u, of u has to be associated 
with all those values of ? Iying, in the t-plane, on the eircumference 
of the eircle (1,1) between t—=u, and the end-point = + 0 of 
that eirele. Hence the double integral may be replaced by the pair 
of two successive integrations denoted in the expression 


ı n Ü=uTIpl) | 
ee ur dt | du ; 
m) II ae a 


where the integration ing to t has to be performed in the 
positive direction from =ut!=-+ 4°). On account of the pro- 
perties of y(f) the latter integration may be replaced by an integration 


1) The here given argument is strong, in so far it is based upon known truths, ifthe 
functions under consideration are finite in the whole domain of integration. This 
is 'the case for R(x)>1 and R(«)> 1, but, since both endforms are analytic 
functions :of x /and of « for R(@x)>O and R(x)>0, they must also be equal for 
the latter values. 

21 

Proceedings Royal Acad. Amsterdam. Vol. XXII. 
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from t=u to =, and one from t=& tot= 0. The lutter gives 
an amount which is independent of u, and this amount gives zero 
for the /inal integration. Therefore, after changing the letters u and 1, 
we may write for the preceding expression 


u mie dB ru) | a] 2 
Ari T(e) (u—1)* ; 
(1,1) 
and this, if we take (2) and (5) into account, is just equal to the 
first member of (7). The latter equation thus has been proved in 
case g<U. 
If 9>0 and, to begin with, O0<g<{1, PıncHerLe defines the 

coeffieientfunetion of p(f) by means of an auxiliary function 


p __ 2 In 
EB a (n+1) (—1)rtH1 
0 


Dal) 17 Be (8) 

The order of ,(Ö) is lower by unity than that of y(f) and thus 

negative, so that w, («)—=/y, (t) is defined by (2). By (4) we have 

Ip) = — It—-1N)p,)=aly W)—-Paly,(), - - 9 

if # be the operation defined by 9 /(z) = f («+ 1). If we denote 
1 

(t — 1)« 

and by „1 (2), the result of the operation 


by 9.(f) the result of the operation (e) = (—1)* D-* 


applied to g(t) 
ie 

. d)= — D- Ara applied {io Y.(Ö, we derive from the preceding 

equation 


Iya = #Ipıa — 07  [elon|omer. 72 Sein 
Now, the operation (e) is commutative, as will appear in the 
simplest manner from the expansion (6). Hence y1ı. = Ya, if by 
the latter expression the result is denoted, which is obtained, if 
first the operation (1) and then («) is applied. But p,(t) is a 
funetion for which the equality (7) has already been proved; ifthis 
is taken into account, we may infer from (10), using the identity 
Ty+D=yrQ) 


een ee ee zen RE 


T(«-H-e) (e—1)* (t—1)* 
Using again the relation ER we ar write 
op, Ir 
ee ee 


Further, in connection N (8) 
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ep, trp rip, 
m arm Fe) 

By means of (12) and (13) the equation (11) finally passes into 
the required identity (7). 

The above argument may further be used to prove the same 
identity for Ak <g<h-+]1, if it has already been established for 
g<h, h being a positive integral number. The general validity has 
therefore been proved. 


air 


Chemistry. — “In-, mono- and divariant equilibria”. XIX. By Prof. 
F. A. H. SCHREINEMAKERS. 


(Gommunicated in the meeting of September 27, 1918). 


Equihibria of n components in n +1 phases. 

We have seen in communication XVI, that the following equilibria 
may oceur on a bivariant region =, +... Fr: 

1. the limit-curve Z#,, when the quantity of one of the components 
approaches to zero. 

2. the turning-line Zr, when a phase-reaction may occur between 
the n phases. 

3. the critical eurve Zx, when eritical phenomena occur between 
2 phases. 

In the communications XVII and XVIII we have discussed more 
exactly the turning-line #2 and the region in the proximity of this 
line. Now we shall briefly consider the limit-line #,. 

When in an equilibrium = FF, +...—+ F) the quantity of one 
of the components becomes zero, it then passes into the equilibrium 
E=F,+...+F, of n—1 components in n phases, or, what 
comes to the same thing, of n components in n+1 phases. Conse- 
quently we consider this last equilibrium, viz. 

ER en 
of n compounds in n-+1 phases. 

The conditions for equilibrium are: 


0Z 02; 
os ee De . a . . . (1) 


in which <=1,2,...(n+1) 
and further: 


02,82, 7 OZu+ı \ 

Oi Dass en Oegı 

02, _2Z, Zur we 
%y,  dy, ee Re x I 


to which are still to be added the corresponding equations for 
BER E FU UN 2.86, 


In 1) we have na+1, in 2) n—1)(n +1) equations, together 
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n’--n equations. Besides the (n—1) ( (n-+1) variablesa, @,.. yo. 
ete., we have still tbe n+2 variables PTKK,..., Eee 
in total n’-+n + 1 variables, the equilibrium has one licence, there- 
fore, it is monovariant. 

We have assumed with the deduetion of (1) and (2), that each 
phase contains all components and that it has a variable composition, 
the considerations äre true however also when phases oceur with 
constant compositions or phases, which do not contain all components, 
provided that there is at least one variable phase, which contains 
all components. Later on we shall refer to other cases. 

It follows from (1). 


a 2 (3) 


07; 
—VidP + HidT + aid, 


=eil5,2... ln + 1) 
in which the sign d indicates, that we have to differentiate with 
respect to.ali the variables, which the function Z; contains, consequently 
with respect to P, T,a;yi -. 
It follows from (2): 


= ati _ gg, 
dm, Or, dxn+i N 
02, 
A Ne eu | 
dY, 0, Oyn-+i j 


in which the sign d has the same meaning as above. 
We write the phase reaction that may occur in the equilibrium 


E=R+...+&: 
A rd Aal ed er 0 I alıkena rd) 
The n ratios between the n r 1 reaction-coefficients are then 
defined by the n equations: 
=) =, 33 4. Hl \ 
E0r)y)=ı, 0, +4,20, +... + hp np 0 | N 
ESQay=sA,yt4,YyT+..- tar 0 


When we add the equations (3), after having multiplied the first 
bv A,, the second by In ete., it then follows with the aid of (4) 
and (6): 

IE )SEPHE (kD) AT 0 


= dP Z(H) 


Enge > () %)- 
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in which: 
EON)=AN + + + Ara | Be; 
SOH) = ERDE REES 
Herein A,...A,}rı have the values which follow from (6) conse- 
quently Z(AV) is the change in volume and (AH) the change in 
entropy, which oceur at the phases-reaction (9). 
The equilibrium, being monovariant, is represented in the P,T- 
diagram by a curve that we shall call #, its direetion is defined 


by (7). 
When we follow this eurve E, @,Yı :..4, 4, . . . and consequently 
also A, 2,... change from point to point along this curve. When in 


a definite point q of this.curve A, becomes equal to zero, then in 
(8) A, V, becomes = 0 and 4, A,—0. Then in the point g is true: 
dP\y. ZH N 
IT) ee ee 
Now the equilibrium Z# passes in point g under consideration 
into an equilibrium: 
Er=F ne. Kat Fate 0 
viz. into one of the equilibria Zr of n components in n phases 
between which a phases-reaction: 


De a 
may occur. We have considered those equilibria Zr before. This 
equilibrium (11) is also monovariant and is represented in the P, T- 
diagram by a curve, the turning-line Zr of the region: 

PErRt.. Bir ur 

Formula (9) is also valid for this turning-line. It is apparent from 
our considerations: 

“the curve which represents the equilibrium : 

I DE u De RR + Anti 
“is situated in the P,T7-diagram in the common part of then +1 
“regions (F) (#5)... (m41); when in a point q of this curve the 
“phase F, does not partieipate in the reaction, the eurve touches 
“the turning-line of the region (F,) in this point q. In general n-+1 
“of those tangents may oceur”. 

When we apply this to the binary equilibrium Z=F-+L+ 6, 
in which F, Z and @ represent a binary compound, liquid and 
vapour, it then follows that the curve Z must be situated within 
the three regions #+Z, F+G and L+G. When in a point a 
the liquid Z obtains the same composition as F, the curve K touches 
the limit-eurve EZR= F-+L (conseguently the melting-line of F) 
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in a. If in 5 @ gets the same composition as /, the curve Z touches 
the limit-curve ErR=F-+G, (consequently the sublimation-curve of F) 
in d. If it is possible for Z and @ to get the same composition in 
a point c, the eurve Z then touches the limit-eurve aR—=L+@ 
Inilc: 

The known conditions, under which pressure or temperature are 
stationary along curve ZH (maximum or minimum) follow immediately 
from (7). 
| When one of the phases e.g. F, is a gas, then in general V, is 
very large in comparison with V, V,.... We now take on curve Ha 
point a, where 2, —=0. Consequently eurve Z touches in this point 
a the limitline of the region F,. In tbis point «a is: 


en (2 (ER == (2, u +...+ ni V„+1)a a (13) 
and in general different from zero. 

In the vieinity of point a however A, is no more zero and for 
Z(AV‘) the value from (8), not that from (13) remains true. V, being 
large in comparison with V, V,..., Z(AV') in (8) may be zero for a 
small value of 4, already. When ZAV)=0 then, according to (7) 
dT=0, consequently the temperature is maximum or minimum. 

Consequently we find: “when of the equilibrium 

E=RH4+F,+.... +4 Far 
“one of the phases e.g. F\, is a gas the maximum (or the minimum) 
“of the temperature of curve # is situated in general in the proximity 
“of the point of contact of this eurve with the limit-curve 
ER=#P, TH... + Fa 
“of the region (7',) 

When we apply this to the equilibrium #£= F-+ L-+ G, discussed 
‚above, it is apparent, than this curve Z has its point of maximum 
temperature in the vieinity of its point of contact with the melting 
line of #. We may also express this in the following way : the point 
of maximum-temperature of the equilibrium #—+ Z + @differs only 
slightly from the melting-point of F under its own vapour pressure. 

When we consider the ternary euwve EZ=MN\+F, +L+6, it 
follows that this eurve must have its point of maximum tempera- 
ture in the proximity of its point of contact with the limit-curve 
F,+F,+L, the common melting curve (or inversion-curve) of 
F,+ F,. We may also say: the point of maximum temperature of 
the equilibrium AA +F,+L-+@ differs only slightly from the 
common melting-point (or point of inversion) under its own vapour- 
pressure of A, + F'. 


When we imagine the solutions of this equilibrium Zto be repre- 
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sented by a curve in a concentration diagram (e.g. a triangle), then 
its point of maximum temperature is situated in the proximity of 
its point of interseetion with the line M\F.. 

The same is true of course for the quaterny eguilibrium = F, + 
+/,+F,+1L+0G. When we represent the solutions of this 
equilibrium by a curve in a concentralion-diagram (e.g. a tetrahedron) 
its point of maximum temperature is then situated in the proximity 
of its point of intersection with the region F\F,F,. 


Leiden, Inorg. Chem. Lab. (To be continued). 


Mathematies. — “On Lanserr’s series”. By Prof. J. C. Kruvver. 
(Gommunicated in the meeting of Sept. 27, 1919). 


Transforming LamBerr’s series 


NZ@ zn NzZX 
= > (n) 2r 


= an 
N 54 ner 


ScHLömıLch !) deduced the asymptotie expansion 
1 
C — loglog- 
-£ 


a ee 
8 — £ Te 1 En 2 
(e) Vrnpei, le) ler) Br 
log — 
z 


suitable to: calceulate the value of / (2) for real values of z approaching 
—+ 1. Wieert ’), slightly changing the formula, obtained a somewhat 
more general expansion, which ean be utilised, when z, tending to —+ 1, 
takes complex values, and Lanpau’) has simplified the proof of 
Wigzrr’s result. Hansen ‘) has shown that {he eircle |z| =1 is a 
natural limit of Z (z) and in his leetures L,anDav established the same 
result in a simple and direet way. Lanpau’s proof is given in a paper 
by Knopr °), who in that paper, and also in his dissertation "), discussed 
series of the more general type 


Assuming the coefficients 5, to fulfill certain restrieting conditions, 
he could establish several cases in which the continuation of the 
funetion N (z) beyond the circle of convergence is impossible. In 
the present paper I propose to deduce a new asymptotic expansion 


!) Ueber die Lambertsche Reihe. Zeitschr. f. Math. u. Phys., Bd. 6, 1861, p. 407. 

2) Sur la serie de Lambert et son application & la theorie des nombres. Acta 
Math., XLI, 1918, p. 197. } 

3) Ueber die Wigertsche asymptotische Funktionalgleichung für die Lambertsche 
Reihe. Archiv der Math. u. Phys., III. Reihe, XXVIL, 1918, p. 141. 

4 Demonstration de l’impossibilite du prolongement analytique de la serie de 
Lambert et des series analogues. Kong. Danske Vidensk. Selskabs Forth., 1907, p. 3. 

5) Ueber Lambertsche Reihen. Journal f. d. reine u. ang. Math., Bd. 142, 
1913, p. 283. 

6) Grenzwerte von Reihen bei der Annäherung an die Konvergenzgrenze. 
Berlin, 1907. 
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applying to the supposition that z, moving along a radius of the 
ecircle 2 —=1, approaches a given rational point on the eircumference. 
Moreover the investigation will serve to add some results tg those 
of Knopp concerning the function N (2). 


Irıp 
1. Supposing p and gq to be integers prime to each other,eg = 
is a rational point of order q on the eirele z) —=1, and taking 
0<x<{1l we have 
n=@ wg h=g—1l n—o wang+h Yhp 
N.ak@= Zu, -—— +2 2 Öng+h 7 a, 
ni 1 —arg Releet — ang Ohr 


Now obviously we have 


gang“ ung h=g—1 gung Ohp 
1a 1a "1 1—ana Op 
and 
ei 
Fa 1 dp ° a (—1), 
hence we get 
n=o ang? 


b h=g—1 
Na«0r)— qg Zbu, — an ie a I 
ni Ri 


where the coefficient d, is arbitrarily chosen and where 
n=@ wrgth hp ang Ahp 


Ü Depp b, = ö e 
(&, pP) a a (2) 


The right handside can be transformed, we may write also 


U, (a, p) EA, u 
h\%,p) = — Zul ng--h r 
0 5 (1— art OP) (l— wg Ohr) + 
3) 
n=® ang Ahp ( 
REN RER 
el na ae 


In partieular, taking &4,—=1 also 5), =1 we find for the function 
of LAMBERT 


Keane) + D= Een 2. 
where 
en Zu \" anti gRp EI LE 
= I1l—andtr Ol 1—arı Op\ 
— (l--.f) Se ee e 


„0 (l—anctr Ohy) (L—arg Ahr) dh) 
Now we may observe that if O<«<1, the moduli of the factors 
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d—areti Otr) and (1—ar7 Ohr) always exceed a fixed value, hence 

T,(&, p) remains finite as & tends to unity. Accordingly the difference 
L(& 6r) — qL (2) 

is always finite, therefore the point 6? must be a singular point of 

L(z) and the continuation of Z(z) across the eireumferenee must be 

regarded impossible. 

To examine the behaviour of Z(w@r) if @—1, it will be suffieient 


to deduce a suitable expansion of the function 7, (x, p). 
Putting 


A ea Or — ei, 
(w) Re. 
Ban > ESSEN) 
riu) eu—hiB_—_] : Te su hiß+ nik 


we have at once 


n=o 


T,(ap)= => E p(ngy+hy) —p(ngy)‘, 


n= 


and from this expression it is seen, that the application of a suitable 
summation-formula will lead to the desired result. 
I eonsider the set of trigonometrieal series 


1 ® sin ar kt 


tl= — 23 b) 
9 "x 1 k 
l. 2 c0os2s.kt 
A = ] 
PAR) er 1 je? 
i sin 2 k 
HN = ETF ea ek 


and the identity 


o=fIo.(e--)-H.0|vtana 1 rl) 
o 


Integration by parts transforms the indefinite integral into the 
expression 


7 k=2m—1 I 
9 ( 9 -) 9) | AUS zAg |)kgkyk | er[t- ann e) | g% (ty) + 
1 


a) h ; 
— Pla | Ioon ( = -) = Jam (t) | 2 m’(t q Y) dt 


and here we have to introduce the limits 0 and ©. In doing so 


h 
we must take into account the discontinuities of g, (5) and of 
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9, (d. Further, we may notice that y(igy) and y‘ %) (tqy) vanislı when 
t>x, and that 


h h 
IR ( - a — 9141 (0) = (— Hl fr () 


where fx denotes the Bernoullian polynomial of order k. 
In this way the equation (6) leads to 


N=ZR 


k=2m—1 h 2 
Yylagyt+hy) — p M= Tıa,p)= — = » Kr )e“o) +R. 


In this equation we have 


n=0 


s i hp 
a) — ee 
2 q 


INA 
(k) (0) == (+) (Di%) cot v) ie ahp » 
q 


and the remainder integral AR is given by 


R= gr va 
0 


Now since 


Rh S 
gam ( = =) — 92m (f) | ya) (tqy) dt. 


k=+» ]: 
(2m)(t 2m! 2& : Ar: 
p N a) < ud EN 2 g’y?+ (hB—2rk)’ in < 
k=+» 1 ji 


<2m! 2 | i 
In tg’ y° + (hB—2nk)? | AB — Brrk |im—1 


we infer that 
ak=+» 1 
R 2 i 0 Im! Sm—ln2m—ı, — >> ——_ 
IRi<2lgen (0)) q Y 22 0 (AB anhjim 
or that 
|RI<2mn | Jam (0) | gem—1 yam—ı | u) (0) |. 
- Thus it is shown that |A| is less than a finite multiple of the 


modulus of the last term in the sum that precedes, and we have 
found the asymptotie expansion 


En h —=am—2 (ıN\k+ k 
ne = (3) „(10g, .)# (- al ‚coto), np + 
UNanzı 
+ Ken (1og -) i 
& 


where the value of X is finite and independent of =. 
Putting 
h=g—1 


Ar = = )@® cot v). _ ap 
A q 


we have finally 


k=2m—2 IN ZH k 
L (20P)—q.L(x9”) = — 4 (9—1) > Ar (3) gk (108 -) ..- 
L 


k=0 2 
IN 2m —1 
+ 1 ae: (108 5) 2 
4 


and again X, is finite and independent of «. 
From (7) we -conelude that, if @—1, the function Z (xdP) tends 
to infinity in ihe same manner as 


(?) 


1 
C — log loeg— — 2 logg 
4 


gb (ar) — Beer 
glog — 
LÜ 
and that 
: E Ge ahp 
Lim | Z (x0P) — dh)! = — 4l@—1)— — 8 hcot—. (8) 
>11 2q9 kh=1 q 


Thus we have the rather remarkable result that it is only the 
real part of ZL(x9r) that increases indefinitely in a manner quite 
independent of p. 


2. If we only wish to shew that, when « —1, the function 
L(x0%) eannot remain finite for all non zero values of k, an element- 
k=g9—1 j 
ary discussion of the sum 2 L(«0O%) suflfices to obtain this result. 
k=0 
We have at once 


k=g—1 n—=o 
> L(eO%) =g°2 t(ng) a", 
De k==0 N 


and, denoting by D the greatest common measure of n and g, we 


may substitute 
U(ng) = EZ @(3):() 
ng) = = —.l, 
1 aD d d 


k=g—1 ’ I q 
> L&O)=qg2Zu(la)t (%) L (9°) . 
d/q d 


k=0 
Hence, making x tend to 1, we get 
: | el d 
LAN 
23 z—>ı L(#) oo dig d 
where y(d) denotes the number of integers less than d and prime 


to d. 
Supposing q to be equal to the product pP, 19, %... ps, wehave 


thus obtaining 


h=s rn 
her a (14m? -)>1. 
20 


djg d h—1 
and therefore, if #—1, for at least one value of A other than zero 
| Z(@ Ok). | must tend to infinity. 


3. It will be readily seen that the method used in obtaining the 
asymptotie expansion of Z(z) can be applied also to the series 


na zn 


NO)=& bu, 


if only the coefficient d, is a simple analytical function of the index 
n. If we choose, for instance, 


1 
A 
n 
we have 
n=o 1 n n=o 
Me=—2— Zee (1— 2”) = log 112) 


na nn 120 


and we can put 
h=g—1 
M (« OP) —M (27) = log g+ > (z, pP), 
R =! 
where 


Vılasp) == 4 3; log (1— art? YhP) — log (1— zra@hp) . 


Operating as before we shall find 


1 Ag —1 
M («6P) — M(aP)=logg — — 2 
7 


rh 
h Iog 2sin"? + ang (2)|- 
= | “ 9 


k=2m—1 iNk 1 \k 1 \2m 
— Ei —-1)leg — — 2 4 (z 5) (1 — em 77 
I’—]) ee zz) Me) td log - 


where 


h=qg—1l 
AL= = 2 all ) we» cot v) nhp, 
TE 
and X, has a finite value independent of x. 


Now for Euner’s product 7 (1—.r) we have, when 0<2<4) 
1 — ’ 


4r3 


er bag] 1 e 1 x rg % 
MZrag 106 12 l0p in logge j +u(. ar 

6 log — 

08 
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hence equation (9) shews completely the behaviour of M (x OP), 
when 2 —1. 


In fact, we may write 

1-1 h h 
Lim {M(a8) Ma logg—— > N en = Lyrik (2) (10) 
> Du et | q g 


and again we may notice that only the real part of M (x @v) becomes 
infinite, the imaginary part tending to a finite limit. 
Taking, for instance, p—=1, g=2, we shall find 


Lim | M (— «) — M(«°)} = } log 2, 
m! 
or 


Hd + a8-1) 
1 


lim 8, 
z>1 HDA+ zen) 
1 


a known result in the theory of the #-functions. 


4. Finally, I will state that the discussion of the fundamental 
equations (1), (2) and (3) furnishes the proof that the function 
Mine 
n=ı 1—2" 
cannot be continued beyond the circle |j2|=1 in each of the 
following cases: 
Lea > B 0. 


In this case we shall have 


1— B 
ee 
q —>1 r 1 q 
8 1— x 
I. Lim, —=4A%0. 
>» 
Now it will be seen that 
1 A 
Lim % N(@0=-. 
x—>1 q 
log 
jr 
. Dr . 
Dem  =eA 20,8 >0. 
non! 


In this case the equation holds 


A 
Lim 1-)+ N@)=—., TÜl+ NEIL +2). 
>11 q 
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No b 
IV. Lim d, =0 and either 5b, > 0, orthe series — converges 
> „=1 ng 


for an unlimited number of integers q and the sum of this series 
is different from zero. In the latter supposition we have 
e nn Dng ') 
Lim (1—) N (2 Or) ze py ei 
— n—=1 Ng 
V. 65.20 and moreover 


1 
Lins=[d b Bd: Din U) 
Sulz [dg+n + deopn +... + dng+a] 


A—=0,1,2,...,9-1) 


for an unlimited number of integers g. 


!) By a totally different method FRANCK deduced this formula in his paper: 
Sur la theorie des series. Math. Annalen, Bd. 52, 1899, p. 529. 


Mathematics. — “Bestimmung der Klassenzahl der Ideale aller 
Unterkörper des Kreiskörpers der m-ten Einheitswurzeln, wo die 
Zahl m durch mehr als eine Primzahl teilbar ist”. (Aster Teil). By 
Dr. N.G. W.H. Berser. (Communicated by Prof. W. Kaprern). 


(Communicated in the meeting of September 27, 1919). 


In zwei früheren Mitteilungen ') habe ich den Ausdruck hergeleitet 
für die Klassenzahl der Ideale eines jeden Unterkörpers des Kreis- 
körpers der /*-ten Einheitswurzeln. Im vorliegenden Aufsatz gebe ich 
die vollständige Ableitung desselben Ausdrucks für alle Unterkörper 
aller übrigen Kreiskörper. Der entgültige Ausdruck hat dieselbe Form 
wie der bekannte Ausdruck für die Klassenzahl des Kreiskörpers 
selbst. 

Nur für die zu cyklischen Untergruppen gehörigen Unterkörper 
des Kreiskörpers ist die Klassenzahl schon vorher bestimmt durch 
Fuchs’). Seine Endformel haben nicht die einfache Form, die ich 
jetzt für alle Unterkörper bewiesen habe. Seine Untersuchungen 
könnten sich natürlicb noch nicht gründen auf die jetzige Auffaszung 
der Theorie. 

Im Folgenden benutze ich fortwährend den HıL.Berr’schen “Bericht 
über die Theorie der algebraischen Zahlkörper” ’), den ich weiter 
andeute durch “H’”. Weiter benutze ich die Theorie der Aszr’schen 
Gruppen aus dem “Lehrbuch der Algebra” von Weser, welches ich 
andeute durch “W”. Gemeint ist stets Band II. 


l. Der Kreiskörper der m-ten Einheitswurzeln. 


$ 1. Die Substitutionen des Körpers. 
Sie bilden eine Assv’sche Gruppe, die isomorph ist mit der Gruppe 
der Zahlklassen (mod m)*). Sind also 
BA een rl) 
die Zahlen <m und prim zu m, und stellt man die Substitution 


1) Diese “Proceedings” Vol. XXI p. 455 und 758. 
2) Cr. Journ. B. 65. S. 74. 
s) Jahresb. d. D. M. V. B. 4. 


4 «W.” S. 74 und $ 18. R 


Proceedings Royal Acad. Amsterdam. Vol. XXIl. 
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(Z,ZU) , Z=en 
vor durch $;, so sind 
See ee ee 
die Substitutionen des Kreiskörpers. Zur Abkürzung schreibe ich 
statt (m). Die Gruppe der Zahlklassen (mod m) können wir also 
kurzweg die Gruppe des Körpers nennen. Und wenn wir Unter- 
gruppen von (2) brauchen, können wir die isomorphen Untergruppen 
von (1) dafür nehmen.‘) Die Gruppe (1) bezeichnen wir weiter 
durch @. 
Die Zahl m schreiben wir in der Form 
m—2ulhlfa.... 
wo 1, Z,.... ungerade Primzahlen bezeichnen. 
Um die Askrrv’sche Gruppe @ durch eine Basis darzustellen?) 


nehmen wir die primitive Wurzeln r,,r,,.... resp. von Z,fı, /,s, ... 
Wir bestimmen die Zahlen A,, 4,, 4, . durch die Pe 
4A,=--1 (mod 2’) = 1 (mod I, Di =](modl,'s).. 
A,= 5 r =] e : “ 
A u r Zr JM u = 
Ar. a en =r, ” 


Diese Zahlen bilden eine Basis von @. Jede Zahl aus @ kann also 
nur auf eine Weise geschrieben werden in der Form 
A, A, Atı .... (mod m) 
wobei die Exponenten durch die Bedingungen 


u,<2 ’ 0<wu<tr ’ I<u<pi- 


bestimmt sind. Zur Abkürzung ist dabei für y (2%), y(l,h).... ge- 
schrieben worden: $%, $,.... 

Wir machen noch die folgenden Bemerkungen: 

1. Wenn A2»=0 so fallen A, und 4, weg, 

2. Wenn A»=2 so fällt A, weg. 

3. Der Fall A„=1 kann für das Folgende ausser Acht gelassen 
werden °). 


$ 2. Die Zerlegungs- und die Trägheitsgruppe eines Primideals. 


Satz 1. Die Trägheitsgruppe eines Primideale ) das nicht teilbar 
ist auf m, besteht nur aus der identischen Substitution. 


!) Wir sprechen weiterhin also von der Substitution «, welches bedeutet die Sub- 
stitution die Z durch Z« ersetzt. 

») „w” 8 18. 

s) „Ww" 8 20. 
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Beweis: Wir wissen, dasz 
an — 1 =(e—1) (@«—Z).... (e—Zm-1), 

Es ergibt sich hieraus, nach der Division durch «—1, und nach 

der Substitution «1: 
N A a a eV 

Jeder Factor des zweiten Gliedes is also nicht teilbar durch p. 
Es sei nun S=(Z:Z°) eine Substitution der Trägheitsgruppe ; dann 
musz'): 


SZ=Z (med Y) 
also: « 
Z(Ze— — 1) = (mod %) 
und dies ist nur möglich wenn a —=1. 
Satz 2. Die Zerlegungsgruppe eines nicht in m aufgehenden Prim- 
ideals, das auf die Primzahl p» teilbar ist, besteht aus den f Potenzen: 


Pı pP’... Pf (mod m) 
wo / der kleinste Exponent ist, für welchen »/=1 (mod m). 
Beweis: Dasselbe welehes man findet in “W’” S. 742 für den 
Fall m—=H#. 
Bevor wir nun die Trägheitsgruppe eines Primideals bestimmen 
können, müszen wir Satz 146 von „H.” vervollständigen. 
Satz 3. Im Kreiskörper finden die folgenden Zerlegungen statt: 
R: m 
1. 1—Z —EELHRRR ar 
für Ay’ =0,1,....,Ay—1, und n < 2% während n nicht teilbar 
ist durch 2. 


hu’ 


m 
N hir l; % 
) 227° = (&iı.... %e,) 
für 4’ =0,1,....,bu—1,n< jhehl, während n nicht teilbar ist 
durch. 4. 
3, I (oı DE a Leg)? * 
wo 8%; Primideale sind und /, der kleinste Exponent bedeutet, für 


n : m 
welchen 2* = 1 (mod =) und 4/4 =4 (=) Der Grad der Prim- 
ideale ist /,. 

4. all. Be)" 
wo 8;; verschiedene Primideale sind des Grades /; . fi ist der kleinste 
Exponent für welchen 


2.4.” 85961. 
22* 
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m 
Eh = ]|( mod ”) unde ni =Y, ") 


Alle Zahlen, welche die Form 1—Z#9 haben, und die nicht sich 
vorfinden unter 1° und 2°, sind Einheiten. 
Beweis: Die unter 3° und 4° angegebenen Zerlegungen der Prim- 
zahlen 2 und /; sind bekannt. '). 
Aus (1) $ 2 ersieht man dasz jede Zahl der Form 1—Z3 eine 
Einheit ist, oder nur teilbar ist durch Primideale die in m aufgehen. 
2ri 


Im Körper sn) gilt die Zerlegung ’): 
m 


Kuheii Dh 
PR 2 indem |, = En ig ) 


ein Prim-Hauptideal ist. Hieraus ergibt sich die unter 1° angegebene 
Zerlegung für den Falln=1. 


2ni 


Weiter ist im Körper % („A ’) 


m 
= =) 
hit (#* ) indem ken: h 


ein Prim-Hauptideal ist. Hieraus ergibt sich die unter 2° angegebene 
Zerlegung für den Falln=1. 
Um die übrigen Zerlegungen von 1. zu beweisen bemerken wir 
2m 


dasz im Körper ls vr) die Zerlegungsgruppe des Primideals 

I, aus allen Substitutionen dieses Körpers besteht. Diese Substifionen 
m 

ersetzen die den Körper bestimmende Zahl Z2"*, durch die Poten- 

zen dieser Zahl, deren Exponenten alle Zahlen < 2%" sind welche 

nicht durch 2 teilbar sind. Es folgt hieraus die unter 1. angegebene 

Zerlegung für alle Fälle n >1. 

Auf gleiche Art findet man die übrigen, unter 2. angegebenen 
Zerlegungen. 

Wir müszen nun noch den letzten Teil des Satzes 3 beweisen. 
Das Produkt aller unter 1. und 2. genannten Zahlen der Form re 
ist teilbar durch eine Potenz des Produktes %oı . ..... £oe, deren Exponent 
gleich 


1) „H”. Satz 195. 
») „H". Satz 122. 
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A) + 2p (21) 4... +21) hu 
ist, und auch teilbar durch eine Potenz des Produktes %ı....&,,, 
deren Exponent gleich 


h; h;— .— } 
2) HL +... . +, lol) 


‚ist. Man findet leicht dasz auch m genau durch diese beiden Produkte 


teilbar ist. Aus (1Y ergibt. sich also dasz alle Zahlen der Form 
1—Z7, welche wiebt unter 1. und 2. zerlegt sind, Einheiten darstellen. 
Satz 4. Die Trägheitsgruppe eines in /; aufgehenden Primideals 
£ besteht aus den y; Substitutionen welche die Zahl Z ersetzen durch 
Potenzen von Z deren Exponenten die Zahlen sind, welehe nicht 
teilbar sind durch 4 und prim zu m, und die Form haben: 


1 + a 7 Er 

-Dasselbe gilt für ;—=2 wenn man überall den Index i durch * 
ersetzt. 

Beweis: Eine Substitution S ist dann und nur dann eine Substi- 

tution der Trägbeitsgruppe wenn für alle ganzen Zahlen 2 des Körpers 

S2= 2 (med) ') ist. 

Nimmt man nun 2=Z so ergibt sich leicht der Beweis des Satzes. 

Satz 5. Die Zerlegungsgruppe eines in /; aufgehenden Primideals 

£ entsteht wenn man die Trägheitsgruppe multipliziert mit den f; 


ersten Potenzen der Zahl 


n 
L Fe 
RT; 


. wo n so bestimmt ist dasz die angegebene Zalıl diejenige von @ 


ist, die congruent ist mit /; (mod ns) fi; ist der Grad des Prim- 


ideals £. 
Dasselbe gilt für ;—2 wenn man überall : durch = ersetzt. 


Beweis: Der Körper k=k (zii ) gehört im Körper K=k(Z) 
zur Untergruppe: 
re. 

Die (=) Substitutionen : 
5 A, Ayts A, .... (mod m) 
== 0,1; w—=0,1l,....49--1 „w=0l,.... g—1li..-- 


ı) „H” 251. 
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m e er: « 
ergeben (mod Ai eine gleiche Anzahl Substitutionen des Körpers 
1: 


5 


k. Unter die Zahlen von @ gibt es also nur eine Zahl, die 


1 
Zahl. Wir zeigen weiter dasz die fi ersten Potenzen dieser Zahl 
genau die Gruppe formieren mit der die Trägheitsgruppe multipliziert 
werden musz um die Zerlegungsgruppe zu ergeben. In % findet die 


folgende Zerlegung statt: 


m Are: 
(mod 2 ) mit /; congruent ist. Dies sei die im Satze genannte 


Ep) 
wo 9; von einander verschiedene Primideale sind. Auf Grund -des 
Satzes 2 ist die Zerlegungsgruppe des Primideals P; 

lbs Eh ’ 

Im Körper X stimmen diese Zahlen überein mit den im Satze 
genannten. Aus der Zerlegung von 4 im K, dem Satze 3 zufolge, 
ergibt sich 

pi 

Die Substitutionen welche W, unverändert lassen, lassen auch &ı 
unverändert. Die im Satze genannten Zahlen gehören also zur Zer- 
legungsgruppe. Aus Satz 69 von „H”. ergibt sich nun der vollstän- 
dige Beweis. 


ll. Die Unterkörper des Kreiskörpers. 
$ 3. Bestimmung und Eigenschaften aller Untergruppen von @. 


Wir deuten den Kreiskörper selbst weiter an durch X. Zu jeder 
Untergruppe von (r gehört ein Unterkörper von X ?). Wir ziehen 
nur primäre Unterkörper in unsere Betrachtungen hinein. Es hat 
dies keine Einschränkung der Allgemeinheit zur Folge *’). Jede Unter- 
gruppe von @ wird auf folgende Art bestimmt: * Denken wir uns 
gegeben die Systeme der ganzen Zahlen: 


bon ’ Dun Y Dim .eu.. \ 
n | 2 2 W b 1 | 1 
(A le ee ODei 

2 / x 2 ( ) 


IS 2; Och ip, Vebeee 


1) „H." Satz-125. 
», „H.' $ 38. 
SW 

4 ,W" 8 14 
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Man construiert sie auf folgende Art. Zuerst kann mann einige 
Systeme willkürlich aufschreiben. Sodann fügt man andere hinzu '), 
sodasz alle zusammen eine Gruppe darstellen ;d. h. sodasz die Summen 
der übereinstimmenden Zahlen zweier Systemen ein System bilden 
dasz man schon aufgeschrieben hat. Dabei rechnet man die Zahlen 
beziehungsweise zur Moduli 

: Br hpaı Parrco. 

Wir nehmen nun an dasz das System (1) auf diese Weise zusam- 

mengesetzt ist. Es sei nun 


Ari Iri Ari 
Bee; mot; een ;.. 
Wir betrachten alle Systeme der ganzen Zahlen 
Bu Anne: 
0<a<2; I<y<4op <a <r;.. 
mit den Bedingungen: 


a wu a5, 


&0 Ex &, rl a 
ee; _ 


Die Zahlen A, die bestimmt sind durch die Gongruenzen 

BEA AN ne lmedm)a 2: »(0) 
stellen eine Untergruppe von @ dar, welche dann und nur dann 
primär ist, wenn nicht jede Zahl du, durch 2 teilbar ist; nicht jede 
Zahl d,,. dureh 2 teilbar ist; nicht jede Zahl d,. durch /, teilbar 
ist wenn A, >| ist, und nieht jede Zahl 5. durch 4—1 teilbar ist 
wenn h,=1 ist; u.s. w. Der Grad der auf diese Art bestimmte Unter- 
gruppe ist gleich r. Es ist leicht ersichtlich dasz man die Bedingungen 


für die Zahlen «,, a, @,,.... in folgender Form schreiben kann: 
m m 
4 (m) ao bon + 20 (7) byn + (n)“ but -...=0 (mod p) (3) 
1 y 
N 2 
r 
Jedes System a,, a4, @, .... genügt also allen Uongruenzen (3). 


Die jetzt bestimmte Untergruppe der Zahlen A deuten wir ferner 
an durch g. Der zu dieser Untergruppe gehörigen Unterkörper durch 
k. Weil g primär ist, können darin die Zahlen welche 


==] mod oder (mod >) 343 
2 I, 


sind, nicht vorkommen. Auch nicht die Zahlen die durch Poten- 


) „W." S. 56, 
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zierung (mod m) auf eine der jenigen Zahlen x, y,.. führen, die den 


Bedingungen 
m m 
va=1| mod— |, = 1 (med)... 
7 RE 
genügen.) 


Wenn die Zahl m den Factor 2 genau einmal enthält, so gibt 
es keine primäre Unterkörper?). Wir haben also nur die Fälle 
0,200 >3 zu betrachten. In einigen künftigen Beweisen nehmen 
wir nur der mindest einfachen Fall h, >3; es ist dann leicht einzu- 
sehen welche kleine Abänderungen der Beweis für die anderen 
Fälle erfahren musz. 

Wir machen nun noch die folgende Bemerkung, die später von 
groszem Nutzen sein wird. Die Karaktere einer Untergruppe g von 
G stellen selbst wieder eine Gruppe dar, die isomorph ist mit der 
Untergruppe’). Der Karakter eines Elementes 4 der Untergruppe 
ist aber bestimmt durch das System der Zahlen 

A A Ar - 

Diese Systeme bilden also eine Gruppe die isomorph ist mit der 
Untergruppe g. Die Zahlen 3, welche bestimmt sind durch die 
Congruenzen 


B,=4, Ay A, ın, ... (mod m) 

wo die Zahlen 

Gut, 8. and 

bon, Dans bin, an 
verbunden sind durch die Congruenzen (3), stellen die reciproke 
Untergruppe von g dar.*) Die Systeme 

ben Dinar 
bilden wiederum eine Gruppe die isomorph ist mit dieser reciproken 
Untergruppe. Also können wir sagen: die Systeme 

Agı Ay Q,5 a 
stellen eine Gruppe dar, deren reciproke gebildet wird von den 
Systemen 

Don» Dir Dim ae 
wenn sie verbunden sind durch die Congruenzen (3). Das Produkt 
der Grade dieser beiden Gruppen ist also stets gleich °). 


) „W.” 8 20 und 21. 
s» „W.” 820. 
s.,W.” Ss 13, 

%) „W.” S. 56, 8. 

1, WErS55 
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$ 4. Hilfssätze. 
1. In einer primären Untergruppe y, finden sich, wenn > 3 
ist, keine Zahlen der Form 


mM 
In Sr NA >1 oderk,=0.n ist ungerade. Und wenn 


h#+=2, so finden sich keine Zahlen vor, derselben Form, wobei 
—=1 ist und n ungerade. 
Auch finden sich in g keine Zahlen der Form 


1+ wo ı; >Ai >1, n nicht teilbar durch . 
EG 

Beweis: Die Zahlen der ersten Form sind, für den Fall dasz 
x =0 ist, gerade und kommen daher in (7 nicht vor; also auch 
zieht in 4. lst A, = 2 und ha —=1- so kommen die Zahlen in g 
nicht vor wegen $ 1. 

Wenn nun eine der übrigen Zahlen der ersten Form in der 
Gruppe g vorkam, so würde es ein System ganzer Exponenten 
a, Ay a, .... geben, die den Üongruenzen (3) genügen und für 
welche 


( * m 
Ei A A Yan] +n ,., (mod m) 


Es würde sich hieraus eine Congruenz (mod 2"«/h...) ergeben 
und folglich würde, nach der Definition der Basiszahlen: Ir 


A, "= 1 (modl,"') 
Hieraus würde folgen: ,=qa,=....=0. Man bekäme also: 


ANSAL FE (32) 

oder 
(-1)°5®= 1 (mod 2”* ) 

und hieraus n„—=2"«-°a, und ,=0, weil 4, >1. ll 

man dieses Ergebnis in den Congruenzen (3), so findet man 
h—1 a, bu, = 0 (mod 2-1) 

Weil g primär ist, sind nicht alle Zahlen d,. durch 2 teilbar; 
darum folgt aus der letzten Congruenz dasz ay' teilbar ist durch 
Ihr, Die Zahl ax würde daher teilbar sein durch 2%? und dies 
ist unmöglich da a, kleiner ist als diese Zahl. 

Auf gleiche Art beweist man die ganze Aussage des Hilfssatzes. 

2. Es sei /, eine der in m aufgehenden ungeraden Primzahlen ; 
& ein Primidealteiler von /,. Der Grad der gemeinschaftlichen Unter- 
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gruppe von g und der Trägheitsgruppe des Primideals ! ist gleich 
d, wenn diese Zahl den gröszten gemeinsamen Teiler der Zahlen 
b,n bedeutet. 

Ist A, > 3 und £ ein in 2 aufgehendes Primideal so ist der Grad 


dieser gemeinschaftlichen Untergruppe gleich I oder 2 jenachdem 
bun + dan nicht für jeden Wert von n gerade ist oder wohl. 
Ist Ay = 2 so ist der Grad der gemeinschaftlichen Untergruppe =1. 
Beweis: Aus Satz 4 und Hilfssatz 1 ersieht man dasz die Zahlen 


m 
der gemeinschaftlichen Untergruppe nur die Form I + n Tr haben 
. 
1 


können, wo n nicht durch /, teilbar ist. Wenn nun eine solche Zahl 
zu g gehört, besteht ein System ganzer Exponenten «,, ax, 4,,- 
für welches 


Ar 


AA erh 
Ar =1+n erT (mod m) 


und das den Congruenzen (3) genüge leistet. Auf gleiche Weise wie 
beim vorigen Beweise ergibt sich hieraus, dasz alle Exponenten, 
ausgenommen «,, gleich Null sind. Aus den Congruenzen (3) folgert 
man dann | 


m 
p (7) a) du = 0 (mod y) 


1 


oder 


ybn=tlmdg) neLaın 
r 


Da nicht alle Zahlen d,. durch /, teilbar sind, ergibt sich hieraus 


“D 
dasz a, teilbar ist durch - Man beweist leicht dasz diese Bedingung 


Er 


auch genügend ist; denn aus 
en 
FR 
A, Ay A,. A, elmeim) 


1 en ( mod =) 
hi 
L, 
m 


BO == 1 TE Es ist hier n nieht durch /, teilbar denn im 


ergibt sich: 


): 
Gegensatz wäre 
= | (modl,) 
und hieraus würde sich ergeben, weil A=r, (mod l,), dasz Den 
d 


ı 
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teilbar sei durch ,—1; also würde a, teilbar sein durch y, ; dies ist 
unmöglich, da a, < y, ist. 

Betrachten wir jetzt den zweiten Fall des Hilfssatzes. Die Zahlen 
der gemeinschaftlichen Untergruppe können auf Grund des Satzes 4 


BR m 
und des Hilfssatzes 1 nur die Form 1 + n „— haben, wo n unge- 


DI 
rade ist. Wenn diese Zahl zu g gehört, so besteht ein System ganzer 
Exponenten a, Ay, ... für welches 
Ag Ig a EN m 
Mes A, A, =1+n-— 7(lmodm). . . . (5) 
ara 


Es folgt hieraus wiederum dasz alle Exponenten, ausgenommen die 
erste Zwei, verschwinden. Die Substitution in (3) ergibt 


Ihr —3 ay bon 4 Ag Da, ==if) (mod 2h«—2) Fi B 5 . N (6) 


Wir unterscheiden nun zwei Fälle: A„>3 und A,„=3. 

Im ersten Fall ist a, d,. =0 (mod 2%* 3). 

Weil nicht alle Zahlen d,, gerade sind, folgt hieraus ag — 24« 3 
Die Congruenz geht dann über in ao don + ay'd,n = 0 (mod 2). 

Nun ist weiter au, < 4y,, also a <2. Wir brauchen daher nur zu 
untersuchen welche der folgenden Wertecombinationen den letzten 


“r 2 ' 
Congruenzen für n=1,2,....-, genüge leisten: 
. 


N 
0 l 
1 0 
1 


1 


Die zweite Combination, genügt nicht, da nicht alle 5,, gerade 
sind. Auch die dritte nicht. Die erste genügt immer, und die letzte 
nur wenn dan b,. für alle Werte von n gerade ist. 

Auf gleiche Wiese wie vorher zeigt man dasz diese Bedingungen 
genügend sind. 

Es bleibt noch die Erledigung des Falles „= 3 übrig. Es geschieht 
dies auf ganz ähnliche Art. 

3. Es sei » eine nicht auf m teilbare Primzahl und / der 
kleinste Exponent für welchen p/=1(modm) ist. Es sei d der 
Grad der gemeinschaftlichen Untergruppe von g und der Zerlegungs- 
gruppe eines in p aufgehenden Primideals. Es sei weiter 


p=4A WA, WA, !W.,..(mod m) 


und t, der gröszte gemeinsame Teiler aller Zahlen 
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m m 
4 p (m) ao» bon + 29 e& And + P An apbmt:-:- 


EP 
so Ist: -=—. 
dt 
Beweis: Nach Satz 2 wird die im Satze genannte Untergruppe 
dargestellt durch die Potenzen von », deren Exponenten sind 
en 
dd d 
7 | 
Also ist p? die niedrigste Potenz von » welche zur Untergruppe g 


gehört. Es ergibt sich daher aus den Congruenzen (3) dasz = die 
kleinste Zahl ist, welche den Congruenzen 
a 2 a er == 0 (mod y): 
3 p mM) a0p7 on + 2% I ee (mod p) 
genüge leistet. Daraus folgt die Wahrheit des Satzes. 
4. Es sei /, eine in m aufgehende Primzahl, (auch 2) und d,' 
der Grad der gemeinschaftlichen Untergruppe von g und der eyklischen 


Gruppe des Grades /f aus Satz 5. Nehmen wir weiter an, dasz 
für die in Satz 5 bestimmte Zahl die Congruenz 


m Ag Ay A, 
+ mi Ay A, ....(modm) 
1 
gilt. Es sei £,, der gröszte gemeinschaftliche Teiler der Zahlen 
m 
3 p (m) ag dan + 2 (3) Apban +... 


q 
a 
E 


so ist A=?, (Man siehe Satz 3 für die Bedeutung der Zahl /,). 
t u 


Beweis: Wie voriger. 


$ 5. Zerlegung der Primzahlen in Prrimideale des Körpers k. 

Herr BacHMmann ') hat das Zerlegungsgesetz gegeben einer Primzahl 
in Primideale eines beliebigen Unterkörpers des GatLo1s’schen Körpers. 
Seine Betrachtungen können wir hier natürlich benutzen. Sie werden 
eine leichte Vereinfachung erleiden können weil wir in unserem 
Fall mit einem Aszr’schen Körper zu machen haben: die Substitu- 
tionen haben also die commutative Eigenschaft. 


1) Allgemeine Arithmetik der Zahlkörper, S. 495. 
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Satz 6. Es sei p eine nicht in m aufgehende Primzahl und der 
kleinste Exponent für welchen pr=1 (mod m). Dann ist pin k 


ed 
gleich dem Produkte von — verschiedenen Primideale des Grades 
- 


ee EN et Le 
7 ep 


Beweis: Die von Herrn Bachmann bestimmte Gruppe welche y 
und sg,s-! gemeinschaftlich haben, wird hier die Gruppe welche g 
und 9, gemeinsam haben. Diese letzte ist bestimmt in $ 2, 3. Im 
Komplex (42) von B. werden also, für jede Substitution s, immer 


je d einander gleich sein. Es gibt also ” verschiedene, Weil @ genau 


h AERR 2 ed _, 
ef Substitutionen enthält, musz man — Komplexe (42) nehmen. 
7. 


u 2 ed e 
Die Zahl e von B. ist also hier —= en und die Zahlen A; sind hier 


alle gleich d. Weiter ist auf S. 494 s;9,5;1 hier gleich g,. Alle 
Zahlen Z, von B. sind in unserem Falle =1. Auch 1, —=1 und daher 
alle Zahlen d; von B. hier ebenfalls = 1. Aus dem Satze auf S. 495 
von B. ergibt sich nun der Satz 6. | 
Satz 7. Es sei /, eine in m aufgehende ungerade Primzahl und 


f, der kleinste Exponent, für welchen Pe (mod) während 
h 
Ih 
m ; \ i - e pn 
a, dann ist die Zahl /, im Körper % die ri Potenz 
A 
eines Produktes von einander verschiedener Primideale. Die Anzahl 


! 
1 


1 


i miedee 
dieser Ideale ist 


und ihr Grad 2 
r d, 


Jedes Primideal ist im Körper ÄX die d;-te Potenz eines Produktes 


ist. 


Y 
von einander verschiedener Primideale deren Anzahl ee 
+ 1 1 


Ist 44 >3 und d. + d,, nicht für alle Werte von n gerade, SO 
ist die Primzahl 2 im Körper k die g,-te Potenz eines Produktes 


BE Ir | 
von einander verschiedener Primideale des Grades 7 und deren An- 
| a 


ed ist. Jedes Primideal ist im Körper X ein Produkt 
r 


zahl gleich 


f i y 3 
von einander verschiedener Primideale deren Anzahl —— ist. 


di, 
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Ist 4, >3 und don + d,n für alle Werte n gerade, so ist die 


Primzahl 2 im Körper k die }yy-te Potenz eines Produktes von 
Px 
einander verschiedener Primideale des Grades „ und deren Anzahl 


* 
' 


gleich > ist. Jedes Primideal ist im Körper Ä die 2-te Potenz 
3 
eines Produktes von einander verschiedener Primideale deren Anzahl 
; Aland 
gleich In ist. 
Ist A«—=2 so gilt dasselbe welches oben gesagt ist für den Fall 
dasz 5, + d,, nicht für alle Werte n gerade ist. F ist überall der 


m 
. kleinste Exponent für welchen + =] ( mod =) und es ist stets 


m 
(3) ER 


Der Beweis dieses Satzes ist aufgeschlossen in den angegebenen 
Bachmann’ schen Betrachtungen. 


$ 6. Bestimmung der Discriminante des Unterkörpers k. 


Satz 8, Für die Diseriminante des Körpers % gilt: 
m\ (Ay —1) 24-12 m N (hl); + 1 
$p nn - - p u 
I 


Ahs h: 
d—=+2 n Br 


7 


wo die Zahl !=0O zu setzen ist wenn du, + d,. nicht für alle n 
gerade ist und auch wenn /%=2 ist, andernfalls ist ?—1 zu 
Setzen. 

Beweis: Es sei D die Discriminante des Körpers X; dx die Relativ- 
diseriminante und D; de Relativ-differente. Es gilten die folgenden 
Beziehungen : ') 

D=dn(); u =NM(O) =Ed.. „Eee 
En lZ-2 Zee 
Va 

A; sind die Zahlen der Untergruppe g (also nicht die Basiszahlen 
dieser Untergruppe) und A, —=1. Weil D nur durch Primzahlen 
teilbar ist, welche in m aufgehen, so folgt aus obigen Beziehungen 


dasz das Element €) auch nur durch Primideale teilbar ist welche 


ı) „B”. Salz 88,39,.78.,205, 


345 


auf die Zahlen 2 oder /; teilbar sind. Aus obiger Form des Elementes 
en folgt weiter dasz alle Zahlen dieses Ideals nur teilbar sind 
durch das Hauptldeal Brenn das Hauptideal de), Ist 
diese letzte Zahl eine Einheit so ist das Element € daher identisch 
mit dem Ideale & aller ganzen Zahlen des Körpers K. Es wird 
dasz Element €” also nur dann nieht identisch mit © sein, wenn 
4; eine Zahl der Trägheitsgruppe einer der Primzahlen 2 en /; ist. 
Durch Zuziehung des $ 2. 2 und des Satzes 3, findet man: 
De == (&oı a, oe )2t IT (&ı 3808 oh Lau 


wo das Produkt sich über alle in m aufgehenden ungeraden Prim- 
zahlen /; erstreckt. Es folgt weiter aus Satz 7: 
N (%0,;) = und N. (&,) = a 
Die Zahl D is bekannt‘). Man erhält nun den Ausdruck der Zahl 
d wenn man die, im Anfang des Beweises niedergeschriebenen 
Beziehungen benutzt. 


III. Die wichtigsten Hilfssätze für die Berechnung der 
Kiassenzahl der Ideale des Körpers k. 


$ 7. Satz 9. 
28 


1 ” p 1 
p n (p)® n—1 bon, RITTER 


Das erste Produkt erstreckt sich über alle Primideale » des Körpers 
k welche in die Primzahl » aufgehen. Das Symbol im zweiten 
Produkt hat die bekannte Bedeutung’). Wenn A, —=2 so musz bu 
im Symbol weggelassen werden und wenn Ay„—=0 ist, so musz auch 
bo„ weggelassen werden. 

Beweis: Wir beweisen die beiden folgenden Behauptungen des 


Gliedes rechter Hand: 1. Das Symbol ist eine Ze Einheitswurzel ; 


f ed 
2. Eine jede Ze Einheitswurzel tritt im Produkte je — Mal auf. 
r 


Hiermit wird der Beweis erbracht sein denn es ergibt sich daraus 
dasz das Glied rechter Hand gleich 


Res} 
rF, 
B d 


2 


) “H”, Satz 88 und 121. 
2) «Hg 116. 
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ist, und zufolge des Satzes 6 ist dieser Ausdruck dem Gliede linker 
Hand gleich. 


1. Es seip = # 5"* (mod 2°) 
P= N (mod 1) 


wo 7, ?y..., die schon vorher benutzte primitive Wurzeln be- 
deuten. Weiter sei 


s p—1 
e, der gröszte gemeinsame Teiler von Set und Aue, 23 


ad 


6 „ „ „ » P% und 4 Py;5 — == 4 x 
e, ” „ 2] ” ” Pı und F > e, RS Fre pP, 


Es ergibt sich dann aus der Definition der Symbole: 


92 


Aaees 
Ahr ur Ir „ „ „ „ „ „ „ „ 


2) = eine /,-te-Einheitswurzel und keine Niedrigere, 


Es sei jetzt 9, —= der gröszte gemeinsch. Teiler von /, und d,, 
Ir = ” ’ „ „ ” Er und 1ER 
J.. und .d,, 


9ı „ ’ be} „ ”’ 


p by i 
Ih —= „ 9, „ „ ”s .e 
L. ee Fi 


Das kleinste gemeinsame Vielfache der Zahlen — ..)...8el 'An- 
9% I 


gedeutet durch v. Dann ist der Wert des a p 3 
IT No 
bon, De bin, een | 

eine v-te Einheitswurzel. 


‘) Die Buchstaben &, for & /w €, fı u Ss. w. haben hier eine abweichende 
Bedeutung von Satz 7. 
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Es bleibt also noch übrig zu zeigen dasz Z teilbar ist durch v. 


Aus der Definition der Zahlen Dee. zolgt: 


But 
er 9 PA Pr Up. )): 
Aus der in Hilfssatz 3 gegebenen Definition der Zahl t, ergibt sich 


dasz es der gröszte gemeinsame Teiler aller Zahlen 
Pe DıPr 20.00 dp + 2 Pr Bar. e-üupben + a Pre. ph to... 


n—1,2,....—. 
m 


ist. Alle Glieder dieser Summe sind teilbar durch e, und weil der 
gröszte gemeinsame Teiler der Zahlen %, und 4, auch = e, ist, so 
ist einleuchtend dasz i, teilbar ist durch e, und daher is ,=e, X 
gröszter gemeinsamer Teiler aller Zahlen 
i ’ a1» 
A 2 aoy Bin I Pe RN RE en Din 
2 
Alle Zahlen d,, sind teilbar durch d,. Daher ist nun 1,=e,g, X 
gröszter gemeinsamer Teiler aller Zahlen 


G£ a1, bi 

Ba ash BD Den. a 

1 he 9ı e, 9, 

qG ne Eu 
Weiter ist RER 2 ah a et a 
d b, t) 9, 
Aus dieser letzten Beziehung ergibt sich dasz sich der Faktor e,g, 
aus Zähler und Nenner des Bruches Paps 1 9a heraus heben läszt. 
P 


Im Nenner bleibt also nur der letztgenannte gröszte gemeinsame 
Teiler übrig. Wenn dieser neue Nenner nun noch einen Faktor mit 


der Zahl A gemeinsam hat, so musz dieser Faktor, gemäsz der Definition 
9 
des gröszten gemeinsamen Teilers, auch teilbar sein auf pP, ..... 


" . a)». 3 Es e 
Denn die ganze Zahl — ist prim zu p, also auch zu — und nicht 
e, 91 


Din. i 
alle Zahlen —” sind teilbar zu 9.. 
9ı 
Es hat sich also ergeben dasz jeder Faktor, welchen der neue 


Nenner noch mit di gemeinsam hat, auch sich vorfinden musz im 
9ı 


Zähler des Bruches 7*- = 491 Ein solcher etwaiger Faktor kann 
| p 


1) Man siehe Hilfssatz 3. 
i 23 


Proceedings Royal Acad. Amsterdam. Vol. XXI. 
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daher herausgehoben werden, wonach der Nenner prim zu der ganzen 


Zahl A geworden sein wird. Nun ist weiter Ve ganze Zahl und 
91 i 

Pa Ps: e,Yı 
t 


ebenso I Also findet man schliesslich dasz der Bruch 


9 y 


auch eine ganze Zahl sein musz; m.a.w. die ganze Zah] 7 ist teilbar 


a 


+ 


dureh —, wie sich aus (A) ergibt. Dasselbe beweist man für — u.s.w. 
9 9, 


2 


Es ist damit bewiesen dasz Z teilbar ist durch v. 


%. Um die Zweite der Anfangs aufgestellten Behauptungen zu 
beweisen nehmen -wir an dasz für zwei von einander verschiedenen 
Systeme 


Daissn Dar Dil es 
und 


“ 


boe. by2, Baar 
die Gleichheit 


boi, bai bi, 0.1. bo, by2, bi2, see 


bestehe. Nach Einführung der Werte der Symbole findet man dann 
leicht die Congruenz 


m 
4. (m) (bu —bo2) ao» + 2Y (=) (da—b) ap + -.-..=V (mod p). 
Wie im Anfang des $ 3 auseinander gesetzt ist, bilden die Zahl- 
systeme don, Öyn,.... eine Gruppe. Es werden also die in obiger 


Jongruenz auftretenden Differenzen wiederum ein System der Zahlen 
bj; darstellen, das zu der Gruppe gehört. Wir müszen also zeigen 


ed 
dasz genau = der gegebenen Systeme der Zahlen don, dyn,.... der 
Congruenz 
m 


m 
4 p (m) bo; Ay, = 2p 6 bj dp Es Y &) bi; ayp+ EnENE Kl) (mod «p) (7) 


ı 


ee ; ö : \ ed 
Genüge leisten. Denn hieraus ergibt sich dann, dasz genau — Systeme 
a 


p 
Don, Dun, .... dem Symbol a denselben Wert erteilen ; 
ny us SCHERE, 


N; f e ' 
eine ie Einheitswurzel kommt daher im Produete rechter Hand der 


4 f h ed 
zu beweisenden Gleichheit, genau — Mal vor. 
r 
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Alle Systeme der Zahlen don, din,.... welche der Congruenz (7) 
Genüge leisten, genügen auch allen Congruenzen die man aus (7) 
ableiten kann, wenn man der Reihe nach alle SrBleme a0 
welche zur Gruppe g gehören, an der Stelle der Zahlen 


setzt. Es folgt dies aus der Definition der Systeme a,ay,....in$3. 
Man bekommt dadurch genau r Öongruenzen. 
= . 
Die Zahlen p,p*’,....p@ gehören, dem Beweise des Hilfssatzes 3 


zufolge, nicht zur Untergruppe g. Alle Systeme der Zahlen don, Dans... 
welche der Congruenz (7) genügen, genügen auch den Üongruenzen 
die sich aus (7) ergeben wenn man anstatt @op, Ay... ., der Reihe 
nach die Systeme 

2ao,, 2a,p 2a er 


a 


7 ao», 1 dp 1 Alp.» 


in (7) hineinstellt. Man bekommt also 2 neue Congruenzen. Durch 
2 5 
Multiplikation der Gruppe der erstgenannten r Systeme der Zahlen 


Ay, Ay... Mit der Gruppe der zuletztgenannten Systeme, bekommt 


2% i x 
man genau z Systeme a, (4%. ... Setzt man diese, der Reihe nach,- 
anstatt Q@oy,d@yy,.... in (7) hinein, so hat man im Ganzen genau 
2: 7 
= Congruenzen welche genügt werden von den Systemen don, Dans... 


welche eben gesucht werden. Der Bemerkung am Ende des $ 3 


r ed 
zufolge, gibt es nun genau % I — solche Systeme der Zahlen 
e 
bon; Dans... ., was zu beweisen war. 


lm Produkte des Gliedes Rechterhand, der zu beweisenden Gleich- 


heit, finden sich T Factoren. Jede Ye Einheitswurzel tretet genau 
r ( 


ed RE 
ed Mal auf. Da nun — x5= — so folgert man hieraus dasz auch 
r a: r 


eine jede . te Einheitswurzel im Produkte auftretet. 
; a 


Satz 10. Es ist 


1 > n\ı i h | : | 
1 zul = l e— aa | ——— NN nr 
| ( n( =) n | F Din Dany an. I: 
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wo /, eine in m aufgehende ungerade Primzahl bedeutet. Das erste 
Produkt erstreckt sich über alle Primideale | des Körpers %k, die in 
l, aufgehen. Das zweite Product erstreckt sich über alle Systeme der 
Zahlen d,; in welchen 5. —=0 ist. Wenn A,=2 so musz das Symbol 
b,n weggelassen werden; und wenn 4, —=0 so musz bo„ weggelassen 


werden. 


Physiology. — “Further Researches in connection with the permea- 
bility of the glomerular membrane to stereoisomeric sugars”. 
By Prof. H. J. HAMBURGER. 


(Communicated in the meeting of September 27, 1919). 


It has previously ') been shown that when a liquid, whose com- 
position is eflicient, is passed through the bloodvessels of the kidneys, 
the grape sugar dissolved in the liquid is retained by the glomerular 
membrane. In this concern the concentration of the Oa-ions and 
H-ions play the prineipal part. This retention of glucose is very 
remarkable, seeing that other cerystalloids like common salt, sulphates 
and phosphates are not retained by the glomerular membrane. The 
question then arose what the cause could be of this so efficient 
behaviour of glucose. Had it something to do with the size of the 
molecule? This supposition had to be dismissed when it appeared 
that lactose (C,,H,,0,.), which has a molecular weight almost twice 
as great, passed through completely, which was the case even with 
raffinose (C,,H,,O,,). Nothing else then remained but to accept that 
this phenomenon was to be ascribed to- the particular configuration 
of the glucose ımolecule’). 

To test this eoncelusion by experiment other hexoses (C,H,,O,), 
isomeric with glucose, were examined. It appeared thereby that, in 
. contrast with glucose, the fructose and mannose were allowed to 
pass through completely. The frog’s kidney isable thus to distinguish 
glucose from fructose and mannose. 

The cause thus indeed lay in the difference in chemical structure. 
Obviously the thought of the wellknown comparison with lock and 
key oceurred: The key glucose thus does not fit in the lock glomerular 
membrane, while the keys fructose and mannose do. 

We now asked ourselves the question: well ıt perhaps be possible 
to point out a particular group of atoms in the glucose molecule 
which may be‘ considered responsible for the retention? The attempt 
to answer this question forms the contents of this article. 


B) Eaueraern and Brınkwan, These Proc. Meeting of January 27, 1917, Vol. 
XIX, N®. 8. s 

2) Hausunger and Brınkman, These Proc. Meeting of September 28, 1918, Vol. 
XXI, N’. 4. 
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It is obvious that for this it was necessary to examine a number 
of isomerie and stereoisomerie sugars with regard to their behaviour 
towards the kidneys, and then, not only hexoses, but also pentoses. 
Jhr. Ansurpa van Exenstein, Prof. Backer, Prof. Börseken and Prof. 
Nkusur6 were so kind as fo assist me in this as much as possible. 
Hereby I again tender them my cordial thanks. Nevertheless the 
diversity of material was very limited. 

The methods pursued did not differ from the previous ones '). 
They were based upon the redueing powers of the secreted artificial 
urine, and that of the perfusion liquid. This perfusion liquid, in which 
the sugars were dissolved, again had the following composition : 
NaCı 0.5 °/, KCl 0.02 °/, CaCl,.6 aq 0.04°/,, NaHCO, 0.285 °/,. 
The determination of the sugar was made, as in the previous case, 
according to Bang (1916). Lately however the newest method of this 
writer was used ’). This also is based upon the determination of the 
reduction. Here the diserepaney which can arise from differences in 
the intensity of boiling is eliminated, and that because hot steam is 
passed through the boiling liquid, whereby the cuprous oxide is 
instantly changed into euprie by means of iodie acid Furthermore 
the oxidation by the air is avoided. The final titration is carried out 
with 0,01 .n thiosulphate and starch solution. If a e.c. thiosulphate 
are used then the reduction in terms of glucose can be calculated 
from the formula (1.97—a): 2.8. If no reducing substance or sugar 
is present then the answer must be found to be: «= 1.97, which 
is indeed the case if the substances used are pure’). This new 
method, it appeared, like the old one also gave very good results. 
The results are even nice. On the whole the figures obtained for 
the reduction, by the’ new method, are higher than those obtained 
when the old method is used, but, seeing that the purpose here is 
comparative research it is mostly not of vital importance. 

In order to have an introduction for our procedure the arbitrary 

G-OH 
hypothesis was made that the | group in the glucose molecule 
H-C-OH 


caused the retention. 


!) Compare also Hampunger and Brınkman, Biochemische Zeitschrift 88, 97, (1918). 
?) Bane, Biochemische Zeitschrift, 92, 344, (1918). 
®) We wish to call special attention to that because after long searching it has 
8 N %« n „ = = 
appeared that the KCl *pro Analyse” of Kaursaum contained reducing substances. 
This was also the case with the KCI which was supplied by the British Drug 
Houses as chemically pure. After repeated erystallization the KCl was freed from 
redueing substances and then we obtained like Bane, a value of 1.97 for «. 
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If this hypothesis was true then besides the d-glucose also the 
l-gulose, I-talose, I-mannose and d-galactose had to be retained. 


(l) d-glueose (2) I-gulose (3) l-talose (4) I-mannose (5) d-galactose 
C—OH C—OH C—OH C—OH C—ÖH 


ee | | | 
H—C—OH H—C—OH H—C--OH 'H-COH 6-08 


FE | 

| COH :OH=.0—H 
| | | | 

H—C—OH OH—CH H—C-0H OH-C—H O0H-—C—H 


| | | 
&H--C _H H=(.-0H H=-@-0H°,.H 


| | | | 

Da een GC 0H-0B- 0 OH- CH en 
| | | | | 
CH,OH CH,OH CH,OH CH,OH CH,OH 


However, of these, only the d-glucose, the I-mannose and the 
d-galactose were at our disposal. 

The experiment showed however that the I-mannose passed through 
completely: In 4 experiments it appeared that in the case of perfusion 
with a solution of 0.09 °/, whose redueing power corresponded to 
that of a glucose solution of 0.06 °/,, the artifieial urine also had a 
redueing power of 0,06, — there was no retention therefore. Let atiention 
be called to the fact, by the way, that after the preparation of the 
l-mannose solution the rotation was + 10.5°, and, 16 hours afterwards 
13.5°. In the following article we shall return to this. 

Concerning the d-galactose, it was not retained completely but 
partly; to this also we shall return in the next article. 

Our hypothesis further elaimed that the following series should 
pass through the glomerular membrane: 


(6) I-glucose (7) d-gulose (8) d-talose (9) d-mannose (10) l-galactose. 

C—-OH C—-OH C—OH C—-OH C—OH 
OH_CH OH_CH OH-C_H OH_C-H OH_CH 
H_C_OH OH-_CH OH-C_H OH-C-H H_C_OH 
OH_C-H H-C_OH OH_C_H H_C_OH H_C_OH 
OH-C-H OH-CH H_C_OH H_C-OH OH-CH 


| | | | | 
CH,OH CH,OH CH,OH CH,OH CH,OH 
We had only I-gluceose and d-mannose available. 
It indeed appeared that the I-glucose in contrast witb the d-glucose 
is allowed to pass through completely. The 0.1 °/, glucose solution, 
dissolved in the customary Ringertluid, showed a reduction of 
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0.075 °/,; in the 4 experiments the urine showed the same reduction. 
In accordance with the hypotbesis also -of the d-mannose not & 


trace was retained. ') 


We did not have at our disposal the other abovementioned sugars 
except, however, the d-glukosamine 


C-OH 
H-C.NH, 
OH_C-H 
H-C-oH 
HIC-OH 
CH,OH 


The 0.1 °/, solution of glukosamine as well as that of 0.08°/, 
passed completely througli the glomerular membrane. 

After this some pentoses were examined. Our hypothesis demanded 
that the following series should be retained: 


(1) l-arabinose (2) I-xylose (3) d-ribose 
C—OH C—-OH C—OH 
H_6-OH H_C-OH H_C-OH 
OH_C-H OH-CH | H-C_OH 
OH-C-H H_C-OH H_C_OH 
CH,OH CH,OH CH,OH 


Concerning the l-arabinose, a solution of 0:07 °/, was perfused ; 
it had a reduction of 0.0714 °/, glucose, which was also the case 
with the artificial urine; in contradietion to the bypothesis, there- 
fore, nothing was retained. 

In the case of I-xylose there was a retention, but this amounted 
only to more or less '/, part, while not more than '/, of the ribose 
was retained. 

To this partial retention of I-xylose and d-ribose we shall return 
in the next article. 

Lastly there follows here a series of pentoses, which, according 
to the hypothesis, were expected to pass through completely, 


!) Compare Hamsurger and Brınkman, These Proc. Meeting of 2$th Sept. 1918, 
Vol. XXI, NV. 4. 
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(4) d-arabinose (5) d-xylose (6) d-Iykose (7) 1-ribose 
C—-OH C—-OH C—-OH  - C-OH 
OH_C-H OH-C-H OH_C-H OH-C-H 
H_C_OH H_C-OH OH_CH OH_C-H 
H_C_oH OH-C-H H_C_OH OH-_C-H 
CH,OH a GH,OH CH,OH CH,OH 


Of these 4 pentoses we were able to investigate only the first 
two; quite in accordance with what was to be expected there was 
no question of any retention of d-arabinose. 

lt was different in the case of d-xylose of which again a part 
was retained. 

Let us add to this still that neither of the d-l-arabinose nor of 
the d- and l-arabinose anything was retained. 


The tetroses could not be examined; if this had been the case it 
was to be expected that 


d-erythrose and d-threose 
C—OH C—OH 
H_C-OH H-d-OH 
H_C_OH OH_C-H 
CHLOH 6m,oH 
would be retained and 
l-erythrose and l-threose 
C—OH C—-OH 
OH_C—H OH-C-H 
OH_C-H H-0-OH 
CH:OH GHLOH 


allowed to pass through. 

To simplify the survey we give here a table in which the results 
of the experiments are summed up. Let it be remarked here however 
that with d-galactose and I-xylose a much larger amount of experi- 
ments have been make. These will find a place in the following article. 

Summarising the results of the above described experiments 
we must come to the conelusion that the hypothesis which makes 


Er 


6 


ST: 


3 


Permeability of the kidneys to stereoisomeric sugars. 


Ren, of| Be 
| perfusion | The urine tage of 
Date Perfusion liquid I 'Retention retention 
ER contains: Zr ressed in] reduction (III). „ calcu- 
experiment. os latedfrom 
| glucose | I and IV. 
| percent. 
nn — — — 
| 
15 Nov. 1918,0.09 %/, I-mannose 0.06 9% 10.06 9% 1) 0 
12 June 1919,0.05 „ d-galactose 0.0964 „ 0.0535 „ | 0,0429 44 0%, 
1 July 1919,0.25 „ % 0.193 „ - 0.125 „| 0.0680 35% 
19 Nov. 1918. 0.1 „ d-glucosamine 0-11292,, 021.125 0 0 
11 Aug. 1919,0.08 „ HCl-glucosamine | 0.0964 „ 0.0964 „ 0 0 
12 Aug. 1919,0.07 it e 10.03 „ [0.05 „| 0 0 
14 Nov. 19180.1 „ I-glucose "0.0257 0.010, 7% 0 0 
20 Aug. 19180.1 „ d-mannose 0.0825 „ 0.0825 „ f) 0 
21 Aug. 19180.1 „ R | a gi BB 2 
13 Aug. 1919/0.07 „ l-arabinose 0.0714 757 »1.0.9114%, a 
13 Nov, 19180.1 ,„ I-xylose 0.075 „ 10.05 „|0.0255 | 31% 
| | | 
5 Nov. 19180.05 „ d-ribose 0.06 „0.0468, 0.012 2, 
| | | | | 
26 Oct. 19180.09 „ d-arabinose 70-0752 7 50.0.0755 0 | 0 
26 Oct. 19180.09 „ £ 10.8 „ [0.0745 , ee Or 
14 Aug. 1919.0.07 „ h 1.0.0535... 10,0535 0° 0ER 
| | | | 
23 Oct. 1918|0.1 „ d-xylose 1 0.1252. a1 22 0100.025 20 9, 
| | | 
30 Oct. 1918.0.04 „ : 0.0585 „ | 0.026 „| 0.026 50 „ 
10 July 19190.2 „ k 10,2 7, 0.1782.2) 0,0217 1055 
| | | | 
C—0H 
the | group of the d-glucose molecule responsible for the 
H=6=0H 


retention, an hypothesis, which, as we have already remarked, was 
of a wholly arbitrary nature, cannot be correet. For if it was, then 
l-mannose and l-arabinose would be completely retained, but, as a 
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matter of fact, they are allowed to pass through. On the other hand 
however, in aceordance with the hypothesis, d-galactose, I-xylose 
and d-ribose are retained, but this happens only with a part of each 
of the sugars which are passed through. As regards the sugars 
which, from the hypothesis, were expected to pass through completely, 
they all indeed passed through the glomerular membrane except the 
d-xylose, which was partially retained. To this partial retention we 
shall return again, as has already been said, in the next article. 
If we accept for the time being that even where a total retention 
had to take place, a partial one satisfies the hypothesis, then in any 
case there still remain the I-mannose and the l-arabinose of which, 
in contradietion to the hypothesis, nothing is retained. There will 
therefore be an inclination to hold a larger group of atoms of 
the glucose molecule responsible for the retention, for instance 


C—0OH 
H—-0C--OH. But also in this case l-arabinose had to be retained 
| 
OH—-C-—H 
completely. 
»=0H 
| 
H--C—0H 


lf the group of atoms is taken still larger viz. ÖOH—C-—-H 


| ade OH 
then this eould be held responsible for the retention of glucose, but 
then the diffieulties of the partial retention still remain. For the 
present therefore it is risky to explain the retention by means of 
the image of the lock and key, unless, instead of a part of the 
molecule, the grouping of the whole is taken. Ds GrAArFF ı) came 
to a more or less like conelusion through his detailed experiments 
in connection with the behaviour of typhoid and para typhoid baeilli 
towards stereoisomerie sugars. 

As matters stood now there would be the inelination to get a point 
of eontact with the speeific physical properties of glucose, and we 
thought of surface tension, viscosity and adsorption. 

As regards the surface, tension, comparative experiments were 
made with d-glucose and d-fructose ®); of the latter sugar it will be 

1) W . C. os Graarr: The biochemical characters of paratyphoid bacilli. Leiden, 


S. C. van DoesgurcH, 1918. 
2) We take these especially because, as a rule we have sufficient quantities of, 


them at our disposal. 
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remembered no trace is retained by the kidney. But it appeared 
through stalagmometrie experiments (J. TrAUBE) and through experi- 
ments where the height of the meniscus through capillary action was 
made use of, that there existed no difference in the surface tensions 
of the two sugars. Neither did the viscosities of the two sugars show 
any difference. 

We now turned to the adsorption; would the glomerular mem- 
brane perhaps adsorb glucose, and, on the other hand, not fruetose ? 
As a matter of fact we would not have busied ourselves with 
these experiments had not O. Connserm ') conducted similar ones. 
For, supposing that the glomerular membrane adsorbed d-glucose, 
but no laevulose, then it would be extremely diffieult to explain 
the different behaviour of the living kidney toward these two sugars 
through this. But, in any case, this would at least be an indication 
in the direetion in which the explanation of the facts has to be 
sought. In addition to this there remains the fact that CoHNHEIM 
could indeed notice differences in the adsorptive power ofthe kidney 
substance of warm blooded animals towards glucose and laevulose. 
However there are several grounds on which this eonclusion of 
CoHNHEIM can be doubted. I shall communicate about this in another 
place and point out through the medium of experiments conducted 
with frogs’ kidneys, that the methods pursued by this investigator 
viz., to experiment with mashed kidney substance, to determine the 
adsorptive power of the kidney for sugars, must lead to results 
which cannot be relied upon. 


Summary and Conclusion. 


To investigate whether a particular group of atoms can be held 
responsible for the retention of glucose by the kidney, a number 
of stereoisomeric hexoses and pentoses were examined with regard 
to their behaviour towards the kidneys. 

Be 

The hypothesis that the group H--C-0H causes the retention 
cannot be true seeing that l-arabinose and I-mannose which have 
this group pass completely through the kidney, while the d-galactose, 
the I-xylose and the d-ribose in which this group is also present 
are partly retained, it is true, but still the other part is allowed to 
pass through (partial retention that is). 

In keeping with the hypothesis the sugars whose first 


') Connaemm: Zeitschr. f. Physiol. Chemie, 84, p. 451. 


C—OH ER OH 


group of atoms was H-— gu OR: :butnot, ul re -H: (I-glucose, 


d-mannose, d-arabinose)- were allowed to pass through. Only the 
d-xylose which had to show the same was partially retained. 
The experiments have thus yielded two results: 
1. Of all the investigated sugars (hexoses and pen- 
toses) glucose alone is retained completely. 
2. This exceplional property of glucose cannot be 
C—OH 
| 


ascribed to the group of atoms H—C—OH and just 
as little to a larger group of atoms in the molecule. It 
seems to be inherent in the whole atomic grouping of 
the glucose molecule. 

Still it will appear in the following article, in the light of partial 


retention, of how much importance the group :H—C—OH: is here. 


The experiments described above were partliy made by Mr. C.L. 
Aıons, Med. Cand. assistant in the laboratory. 


Groningen, September 1919. Physiologieal laboratory. 


Physiology. — “ The partial permeabtlity of the glomerular membrane 
to d-galactose and some other multi-rotatory sugars”. By Prof. 
H. J. HAMBURGER. 


(Communicated in the meeting of September 27, 1919). 


Through earlier experiments it has appeared already that d-galactose 
is only partially retained ‘) by the glomerular membrane. Upon 
eloser examination, however, this appears to agree very little with 
the idea of permeability, because a filter either holds back a 
substance or allows it to pass through unconditionally. A mean 
between these two extremes can hardly be conceived when there 
is question of only a simple substance and not of a mixture. As a 
matter of fact at first we were inclined therefore to drop the idea 
of permeability, but, as appears from the preceding article we 
endeavoured in vain to clear up the matter with the help of surface 
tension, viscosity or adsorption. For this reason we then returned 
again to the idea of permeability. 

On eloser inspection two explanations still seemed possible to us: 

1%. The concentrations of the galactose-solutions which had been 
used up to this (0.1°/, and 0.15 °/,), might have been too strong 
that is above the toleration of the kidney for d-galactose. We were 
mindful here of our experience in connection with glucose; for, did 
we not find formerly ?), that, when the eoncentration of glucose in 
the perfusion liquid exceeded the physiological value only by 0.02 °/,, 
already a little of the glucose was suffered to pass through, and, 
that this quantity increased in proportion as the concentration of 
sugar in the perfusion liquid became stronger, so that when the 
concentration of glucose had beeome 0.2 °/, practically no sugar was 
retained any longer? There was a possibility therefore that also the 
concentration of galactose might have been too strong and that it had to 
be aseribed to this that it was partly retained and partly not. /t was 
therefore desirable to make determinations of the toleration of the 
kidneys for d-galactose. Should it appear then that the galactose 
could not, like the glucose, .be wholly vetained even in weak con- 


!) Hausunser and Brıskwan, These Proc. 28 Sept. 1918. 
®) Hausurger and Brıszwan, Biochem. Zeitschr., 88, 97, (1918). 
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centrations, then the phenomenon of partial retention eould not be 
explained by the idea of toleration and then a second explanation 
would per exclusionem be the eorreet one. 

2d, This second explanation could be sought in the fact that 
the d-galactose ewists in two modifications — an « and a ß variety. 
In aqueous solutions these two varieties are in a state of equilibrium. 
Then it had to be accepted only that one of the two modifications 
was retained by the glomerular membrane, and the other not. 


1. Toleration of the kidneys for d-galactose. 


To determine the toleration, the perfusion liquid was seasoned 
with different quantities of d-galactose Iying between 0.05 °/, and 
0.25 °/,. The following table gives a survey of the results obtained. 
It will be clear withont further explanation. Let it only be remarked 
that for the determination of the reduction the newest method of 
Bang (1918) was employed'). Eaclı time botlı kidneys of two frogs 
were perfused at the same time (see table I). 

What do these experiments teach us? 

Firstly: hat none of the used galactose-solutions, whose con- 
centrations lie, as has been said, between 0.05 °/, and 0.25 °/, are 
completely retained by the kidneys. Secondly, that in all cases the 
retention amounted on an average to a half, independent of the 
eoncentration of the galactose-sohition that was perfused. 

In both respects the galactose differs from the glucose; for, was 
there not found a fotal retention in the case of glucose when the 
solution was weaker than 0.05 °/,—0.08°/, (individual differences) ? 
In the case of galactose, on the contrary, there is no question of 
total retention. And, as regards the second point, in the case of 
galactose the toleration remains unchanged in spite of the increase 
in sugar concentration. Only when the concentration becomes as 
high as 0.25 °/, does the toleration diminish. Experiments with 
stronger eoncentrations were not made since the secretion of artificial 
urine then became too scanty. 

We still have at our disposal a number of former expsriments 
in which the reduction was determined by the earlier method of 
Bang (1916), a part of which experiments have been published already. 
They are found together in the following table (Il). As will be noticed 
the results are not as uniform as those of table I, but in any case 
they point in the same direction. 


1) Compare for this our previous article in these Proceedings. 


362 


I | 4 
“ee I 00 | er’o £90°0 er’o co 'q er 
",E | 200 | 2.00 121°0 1210 E61°0 “ao V 
“& | L190°0 LL90°0 £680°0 £680°0 nn <q an 
‘u | 2800 | 0800 LSO'O LOL ’'O LSI'O "72.270 V 
edE | eIepo | <zop'o L090'0 <0°0 “10 'q een 
En ı soo | 290°0 LSO ‘O0 <0°0 zI1°0 “sro ‘V 
| | 
€ | 8660°0 | LeE0°0 | Ize0'0 15890 20 a Ne 
017  .6270°0 LSE0°0 | 9820°0 LSE0°0 PILO’O e.r0 V 
“e | 8200 | 880 °0 | 00 v0°0 ee) 'q ae 
3 ' .8880°0 scH0 0 | 700 LSE0°0 ssL00 PEN V 
"ers ı 61900  E#0°0 | ILS0‘O L090°0 ERELEO ‘<q re, 
“95 | SIEOO | 6L90:0 *| -1E60°0 ILSO’O gz1'0 50 'V 
% 9 | 6200 E68 | gEg0 ‘0 ILSO'O u) 'q 
j | | 6I6T Bunf yyzı 
%o 15 = WI X nr 6200 | 600 SEC0‘0 s£s0°0 »960°0 % 50:0 Y 
Aaupıy 437 |Aaupıy Jysıy "Aaupıy ypI |'Kaupıy Iysu 
r | g 2} Jo InQ | ayF Jo Ing 
“(AI pue I] woy ——— — -0/, 3S09n]8 ; 
BeEED1E>) sAaupıy au | uI passa1dx3 re Sog "s}uawıIadxa 
Jo 383e.19AVY "3sopejes | 0/u 3s09n]3 jo 19Mod pınbıj uoısny : Jo 3Je2q 
jJ0 uONUSY1 9Fe}us91ag (ID voquapoy Surnpaı e sey aulm ayL|-I9d Jo uorpnpay pinbıp uoisnjuadayL 
A | Al | I ai 1 


"3sopeje3-p AO aueiqwaw Jejn13wW10]3 34} JO uONe19J]0} 3y]L 
1 II9VL | 


368 


(II pue ] wol 
payejnafes) sAaupıy U} 
jo 33eIaAy '3SopeIe3 
Jo uONU3J91 33e}U3I19A 


"A 


GLF0'0 
gL70°0 


GLg0°0 
Grc0°0 
c0°0 
GI0’0 
eV 
S7E0 0 


G7C0 0 


G7c0'0 


€0°0 


g10°0 
00 


‘Aaupıy 4397 |Adupıy Jysıy 


<r0°0 
GLZ0°0 
08570°0 


SL30°0 
90° 0 


c910°0 
8800 
ge00 


92200 


ze 0- 


g20°0 
co’0 
g10°0 


(II—ID vonyuspy 


"Al 


c0°0 Gz°0°0 
L0°0 L0'0 
cH0'0 LFO'0 
8700 700 
gzeo'o <0'0 
SL90°0 £990°0 
| 8280°0 8L0°O 
'.080°0 670°0 
| sze0'0 cz£0°0 
Gz£0'0 cze0'0 
r0'0 cr0°0 
| £0°0 gz0'0 
20°0 £0°0 

ı Aaupiy 4a] "Aaupıy Jysu 

au} jo yno | au} Jo MO 

‘d/, 9SOAN]Z Jo I9Mod 
Zumnp3.1 e sey auLIn OUL 
I 


“ GL60°0 


RCZEGEU 


‘0/u 9SO9N]3 

ur PaSsaldx3 

pınbıj uorsn} 
-19d jo uolpnpay 


"u 


150 


:3so9n]s 
jo surejuo) 


pınbijuoisn.iadayL 


ı da 


<äU «UV 


‘a 


301] 


“ any pıgz 


“u ‘das 
“ any gl 
“ önvy LI 


“ any yIgl 


8I6I "PO SIE 


VE | VE ES EEE VERS REEE BEEEEEEEBEer —  n__ 2 _( 2Ö.„[[[ 2  mTEETETEmETT En Gm Tome Dar Tamm TEST Te Te 


‘uautı9dx3 
30 oe 


x 
an 


-(9]61 INvg Jo poyJ2W) sopeje3-p 10} aueıqwau Jepn.IouWo]3 U} jo UONEI]O} ay]L 
I 3T9VL 


Proceedings Royal Acad. Amsterdam. Vol. XXI. 


364 


Also from this table it appears, that, in contrast with what was 
always found for glucose, the galactose was not totally retained in 
any of the ewperiments, and further, that the retained part forms 
more or less the half — here a little less than the half. 

Consequently the first explanation mentioned on page 361 fails here 
and we are obliged, per exelusionem, to accept the second expla- - 
nation, viz., the one based upon the fact that in aqueous solution 
the galactose exists in two modifications. 


2. The solution of galactose contains two forms of galactose 
that behave difjerently towards the kidneys: 


As is known a large number of sugars exhibits multirotation 
(DuBrunraun), i.e. some time after the preparation of the aqueous 
solution they generally possess a slighter specific rotation than 
immediately after the solution is made. Several explanations, which 
we need not discuss here have been given for this. Itis agreed upon 
however that under the influence of the solvent, part of the sugar 
changes into another form with a slighter rotatory power. The two 
forms are in equilibrium. 

This idea is based, in the first place, upon the researches of 
Tanker‘), who separated in solutions, first of glucose and afterwards 
of galactose and other sugars, three forms with different rotatory 
power, and several different physical properties; these he termed 
a, 8 and y: the « modification of d-galactose with a specific rotatory 
power of + 135°, a 3 modification with [e]a=+ 81° and ay 
modification of |@]p = + 53°. 

More extensive researches, especially of E. Roux?) and further 
of BourqueLor’) have taught however that the 8 variety of TanrET 
is no independent sugar, but consists of a mixture of @andy, which 
are in equilibrium. 

I find it useful to point out here a misunderstanding in the literature 
which has given me much trouble personally, and, I am informed, 
others also. In several scientific treaties and textbooks it is stated 
or taken for granted that there are two modifications only; these 
are called then the « and 3 modifications. It is elear here that the 
3 modification is actually the 7 modification of Taxkwr. But, as far 
as I know, nobody calls attention to this fact. To what faulty reports 


') Taneer, Bulletin de la Societ@ Chimique, [3], 18, (1895), p. 728 [3], 16. 
(1896), 195. 

2) E. Rovx, Ann. Chim. et de Phys., VII Serie, 30, p. 422. 

3) Bourgueror, Journal de Pharm. et de Chem. [7], 14, (1916) 295. 
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(his interchange of the two can lead appears for instance in the 
wellknown tables of Tanponr-Bornstum 4e Aufl. 191%. There we 
read in connection with d-galactose: “Anfangsdrehung nach 7 Minuten 
als « Modifikation + 117°.5; Enddrehung nach 7 Stunden als 3-Modi- 
fieation —+ 80°.27.” In fact the final rotation which an ordinary 
d-galactose solution exhibits is 80°.27 or simply 81°. But this is not 
the rotation of the second modification; that rotation is + 53°. A 
rotation of 81° ‚results when the two modifieations of 117°5 and 
+ 53° are in equilibrium. And this equilibrium eomes about when 
we start out from ß as well as when we do from «. In both cases 
a mixture results with a rotatory power of 81°. 


It is perhaps useful that what has been brought forward for d-galactose should 
also be applied to d-glucose, which is so much more used. 

Tanrer distinguishes 3 forms of glucose: an z form with [x]p = 106°, a £ form 
with [(2]y =53° and a y form with [@]p = 19°; Both and £ forms when 
dissolved in water finally exhibit a rotation of 53°. The £& form of Tanker, 
according to the researches of Roux and others, must be considered as an 
equilibrium between x and y, and this is at present generally accepted too. £& is 
therefore no independent modification, but merely a mixture. But now we read the 
following: There exist two forms of glucose, — the z and te 8 forms and not 
infrequently there is added: The & form is converted into the $ form. How can 
those who maintain that we have to deal with a reversible reaction here, speak 
of an eqwilibrium between x and £? If it were stated that the « form is partially 
converted into the £ form, it would be clear. 

We find the case put differently again by Horzeman in his wellknown text book 
of Organie Chemistry, 5th ed., 1912, p. 300. He also speaks of an « form of 
106°, a £ form of 19° and a y form of 53°. This Y% form is according to bim 
a mixture of x and £. The y of Tanker Horzeman calls thus £. 

The question arises why Tankers’ nomenelature was not stuck to. After Emın 
Fischer had shown us how to prepare artificial glucosides }) it appeared to him that 
stereoisomeric modifications of each glucoside existed. One was acted upon by beer 
ferment (invertine), and the other by emulsine.?2) By way of distinction he called the 
first the x-glucoside and the second the A-glucoside and the corresponding forms 
of glucose .x- and f-glucose 3). It is to this nomenclature that later writers seen 
to have stuck. For this there was an inducement to some extent as if there 
existed only two forms it was not quite rational to call the second y. Coincidentally 
that which Emır Fischer calls £ corresponds with what Tanrer at the same time 


gave the name of y. 


To explain now the partial retention of the galactose solution 
which is passed through the kidneys, we assume that only one of the 


I) Emır Fischer, Ber. d. D. Chem. Ges. 26, 2400 (1893). 
2) The same, Ber. 27, 2985, (1894); 28, 1145, (1895). 
3) O.f. also E. Fischer, Z. f. physiol. Chemie 26, 60, (1898). 
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modifications is retained by the glomerular membrane, and the other 
is allowed to pass through. 

As appears from tables I and II, of not too strong concentrations 
about the half is retained. 


It is now, upon eloser inspection of what has been handled above, 
possible to caleulate in a simple way the relative quantities of @- and 
B-galactose. 

If we call the amount of the « variety (rotation + 135°) in the 
galactose solution, in which there is equilibrium between «and ß,x, 
then 1—x is the amount of the P- variety (rotation + 53°), and then, 
because the rotation of the mixture 81° is, the following equation 
must hold: 

135x + 53 (1—x) = 81. 
x — 0,34. 
1—-x= 0,66. 

Therefore the ratio between the quantities of the « and 2 forms 
is 34:66. 

These figures cannot boast of great accuracy, because, in the first 
place, we find with other writers for the speeifie rotation of the « 
variety a value of 117° and not 135°. If this value is the true one 
then we should get a ratio of 44:56 between the modifications. 
Further it must be remembered that the concentration and temperature 
of the galactose solution are not without influence on the equilibrium. 
In general however it caı well be said that the greater half is the 
B-form (y-form of Tankur). 

A similar proportion can also be deduced from the researches of 
E. Roux in connection with the rate of conversion of the & into 
the y-form. 

It is now very remarkable also in our perfusion experiments that - 
more or less the half of the galactose is retained. This parallellism 
can be considered as supporting our hypothesis. Whether it is the 
«- or y-form which is retained we cannot venture to say with any 
certainty at present. That might be the case, if, in the first place, 
the values of the rotations which we used above in dedueing the 
relative quantities of the «- and B-forms had been taken at the same 
econcentrations as the physiologieal eoncentrations (0.05°/, —0.15°/,), 
which we nsed in our perfusion experiments. 

In the second place the values found along chemical lines for the 
rotation, in concentrations of 6°/,—18°/,, leave much t0 be desired. 
And then in the next place it must not be forgotten that, as a matter 
of course, the degree of accuracy of our determinations of the 
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reduction, by our perfusion experiments is but small. To grasp this 
it must be remembered that the quantity of artificial urine obtained from 
our experiments with frogs was only 0.1 c.c. Let us take an arbitrary 
example to see what influence a small error has on the titration. 

In table I perfusing with 0.15°/, galactose for obtaining the final 
reaction was used: 

3 right kidney 1,83 ce. thiosulphate 
for the urine of frog A 
left kidney 1,81 „, 
| right kidney 1,83 „, 
for the urine of frog B 
left kidney 1,80 ‚, 

From these figures the value caleulated for the galactose retention 
for frog A is 55 °/, and 49°/, and for frog B 55 °/, and 46°/,.. An 
error 0f 0.02 °/, thiosulphate, therefore, causes an error of 55—49 —6°/, 
in the retentive power found. 

To increase the degree of accuracy it iS necessary to experiment 
upon larger animals, which supply more urine, thus with kidneys 
of warm blooded animals. For this however a room is necessary 
which can be brought up to body temperature, which, under present 
eircumstances, is impossible. 

Be it as it may, if the differences between the retained iha the 
not retained had been greater — for, did we not find that approxi- 
mately half was retained and half not —? and, to correspond with 
this, the difference between the quantities of «a and & wmodifications 
in the galactose solution had also been greater, then it would at once 
have been obvious which form is retained and which is not. We 
will return to this in connection with xylose. 

Before we proceed to discuss the behaviour of xylose, we wish 
to face an objection which may, on superficial inspection, be made 
against our representation. It could be remarked that when one of 
the two modifications has been removed by the kidney, from the 
second modification which remains in circulation, more of the first 
modification will be formed, and that eventually all the galactose 
will leave the kidney in that way. Let it be taken into consideration 
however that in our perfusion experiments the perfusion liquid forms 
only a very small quantity of urine and therefore only very little 
of the one kind of galactose is removed. Let it further be remembered 
that, unlike in the normal body, the same perfusion fluid does not 
remain in cireulation. In our experiments the solution leaving by the 
renal vein does not return again by the renal arteıy. 

But what can be the reason then that in the normal organism 
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the urine does not always contain galactose, i.e. that modification 
which, according to us, the kidney is permeable to? Is it perhaps 
just this form which is used in the building up of the cerebrosides? 
This will have to be determined by further experimentation. 

Lastly, before leaving the galactose, it may be interesting just to 
call attention to this: viz.,, how slight the difference in structure 
between the «- and ß-forms is, which difference is concerned with 
their retention or non-retention. 

Thanks especially to the researches of Emıs FiscH£r (l.c.), ÄLBERDA 
van Ekenstein, BÖöRseken !), to which also correspond those of 
BOURQUELOT?), it must be assumed a little in contravention to the 
current idea, that the structural formulae of the two forms of galac- 
tose-can be represented as follows: 


C—H C—H 
H—C—-ONH H—C-OH 
CELOH CH:OH 
a-d-galactose. B-(y-)d-galactose. 


From these formulae it appears that here mutatis mutandis the 
retention is exclusively dependent upon the relative places of the OH 
and H with regard to the first asymmeltrice C-atom. 


The partial retention of l-aylose. 


The thought of the explanation given in the previous paragraph 
for the partial retention of the galactose solution occurred to us 
when it was noticed that also xylose-solutions were subject to partial 
retention. Corresponding to this is the fact that, like in glucose- 
solutions, also in xylose-solutions two modifications could be sepa- 
rated by Tanker. Also in the case of xyloses Emır Fischer could 
separate two glucosides, or xylosides rather, an «- and a B-form, for 
instance: 


\) BöRSEKEN, These Proc. 29th June 1912; 25th March 1916. 
2) BOURQUELOT, l.c. 


369 


H-6-0CHs "eHo_c-H 
oO O 
HC ) 5 Bere 
CH:OH .- CHOH 
a-methyl-I-xyloside ß-methyl-I-xyloside, 


the first of which is converted by invertine and the second only by 
emulsine, and which were distinguished by Fischer as « and ß. 
Suppose the CH, substituted by H, then «- and ?-xylose is formed 
again. 

Similar experiments as were made witlı galactose were also made 
with xylose. We give a table which contains the experiments in 
question (see table III). 

From this table it appears that the I-xylose, like the d-galactose, 
is not retäined completely either. Always the greater portion passes 
through the glomerular membrane, a greater portion percent, however, 
than was the case with d-galactose; between '/, and '/, only ofthe 
xylose, used in concentrations which do not affect the production 
of artifieial urine, on an average is retained. 

We now find, according to von LiPPpMAnn') for the rotation of the 
I-xyloses: initial rotation + 78°, final rotation + 19°. Therefore, the 
e-form has a rotation of + 78°; the B-form however has up to this 
not been isolated, and therefore it cannot be stated, how much of 
this modification takes part in the final rotation of + 19°. Also for 
xylose it is therefore not possible to indicate the form, which is 
retained by the kidneys, and which is allowed to pass through. 

That the glomerular membrane possesses the property of separating 
two sugars quantitatively like a sieve, retaining one and letting the 
other pass through, we have formerly been able to show with 
mixtures of glucose and fructose, and glucose and lactose?). 

Let us remark that researchers who are engaged upon distin- 
guishing of sugars by means of microbes’) have to reckon with 


1) Von Lippmann, Chemie der Zuckerarten. 

2) Hamgurser and Brınkman, These Proc. Sept. 28th 1918. 

3) C.f. among others A. J. Kruyver, Biochemische Suikerbepalingen. Diss. Delft 1914. 
W. C. pe Graarr, De biochemische eigenschappen van paratyphusbacillen, 
Leiden, $S. C. van Dorspuren, 1919. 


Date of 
experiment. 


Ist July 1919 


=  Tth- July 1919 


> 
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8th July 1919 
10th July 1919 
4th Oct. 1918 


20th Nov. 1918 


| 


j 


Frog. 


D> D>P uD> u> u> w> 


!) In this serie 


Theperfusionliquid 


1. 


Reduction of per- 


fusion liquid 


Toleration of the kidneys for I-xylose, 


TABLE Ill. 


IM. 


The urine has a reducing 
power of glucose 0)y. 


| contains of 
3 e expressed in 
| ‚galactose : glucose 9). 
| Out of the Out of the 
right kidney. left kidney. 
| 0.06 9), 0.059 5 0.0857 0.0357 
0.0393 0.0393 
1.0 DIDT. 0.075 0.068 
0.0721 0.075 
0.15 „, 0.168 „ 0.125 0.125 
| 0.1321 0.1469 
| 02% NER 2 +tl- 0.1711) 
| 2 +/= 0,185 
| 01,9 0.125 , 0.11 0.10 
0.095 0.1025 
Be 0.105 „ 0.075 
0.075 0.08 


became stronger less and less urine was secreted. 
?) Both of the last two series marked with * were determined with the help of Bang’s earlier method (1916). 


s 


s the urine secreted from each kidney apart amounts to less than 0.1 2.0: 
the right and left kidneys were added to each other. In general 


Retention 
(I—IN]). 


0.0233 
0.0197 


0.035 
0.033 


0.043 
0.028 


0.029 
0.015 


0.020 
0.0987 


0.03 


0.028 


% 


Percentage retention of 

galactose. Average of 

tne kidneys (calculated 
from II and IV). 


24 „ 


For this reason the liquids out of 


it could be noticed that as the concentration of xylose 
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the fact that both the modifieations in which a large number of 
sugars occur, need not behave in the same manner towards tlıose 
organisms. Besides that, the eircumstauces in such experiments are 
somewhat different from those in our cases; for have we not to do 
with a disturbance of equilibrium in the ferment experiments, which 
disturbance is the result of the eventually being used up of one of 
the modifications, but ‘is adjusted again? (ef. p. 367). 


The behaviour of the kidneys towards sugars other than 
galactose and wylose. 


It has appeared that from the experiments described up to this 
three cases can be distinguished : 

1%. The sugar, if its concentration does not exceed the physiolo- 
gical border for more than to a very slight extent‘), is compietely 
retained. This applies excelusively to glucose. 

2nd. A partial retention takes place; This was the case with 
solutions of d-galactose, of d- and I-xylose, of d-ribose and of maltose. 

3rd, Nothing is retained. This we found for I-glucose, |- and 
d-arabinose, l|- and d-mannose and lactose. 

But all sugars mentioned under 1, 2 and 3 exhibit multirotation 
and oceur therefore in 2 modifieations. The question is thus obvious: 
why do those sugars mentioned under 1 and 2 not behave like 
galactose, i.0.w. why do they not all exhibit partial retention? I 
think that the explanation must be sought herein, that, of the glucose 
both modifications are retained, of the galactose and other sugars 
mentioned under 2 only one modification, and of arabinose and the 
others mentioned under 3 neither of the two forms. 

We will set ourselves the task to test this conjeeture by experiment. 
We are engaged upon this; we have already obtained satisfaetory 
results. 


Summary and conclusion.- 


= 


The experiments described above are concerned with the question 
what the cause can be that of a0.1°/, solution of d-galactose 
only a part of the sugar is retained and the other not. Two explana- 
tions were possible. The first was that the original galactose-solution 
whieh we used was of too strong a concentration viz. 0.1°/,. We 
thought namely of our earlier researches in connection with glucose, 
where it appeared amongst other things that when there is passed 


1) Hausurger and Brıskuan, Die Toleranz der Nieren für Glukose, Bioch. Zeitschr. 
94, 131, 1919. 
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through the blood vessels of the kidneys a glucose solution which 
exceeds the physiologieal value (+ 0.07 °/,) only by about 0.03. 
already a little sugar is allowed to pass through, and, that this 
quantity inereases according as the concentration of glucose becomes 
stronger, and that to the extent that with higher glucose eoncentrations 
less and less glucose is retained. The kidney cannot endure stronger 
glucose concentrations, 1.0. w. the glomerular membrane siekens. 
Towards galactose, however, the kidney behaved quite differently. Indif- 
ferent to whether stronger or weaker concentrafions were used, a 
portion was always allowed to pass through, and what is remark- 
able, always about the half (see table I and II). The first explana- 
tion could therefore not be the correct one. 

Per exelusionem the second one had to be accepted then, namely 
this, that, of the two modifications in which glucose is present in 
aqueous solution, — the « and the 3 modifications, — the one is 
retained and the other is allowed to pass through. This eonception 
agrees with the fact which we observed previously, i.e. that the 
glomerular membrane is able to separate quantitatively from each other 
different sugars retaining one and letting pass through the other, wlıich 
was demonstrated with mixtures of glucose and fructose, and glucose 
and lactose. The conjecture finds additional strong support in the fact 
that, according to our caleulation, there are present practically equal 
quantities of the « and ß modifications in a solution of d-galactose, 
the same proportion thus, more or less, in which it is retained and 
nnt retained. For this very reason it cannot as yet be said with 
certainty, which modification is retained, the « or the 3. In the 
same position we are in the case of xylose, which like the d-galactose 
exhibits a partial retention. It has appeared namely from our per- 
fusion experiments that on an average from ‘/, to ‘/, ef the xylose 
is retained. 

From the same point of view the partial retentions which were 
observed in connection with d-xylose, d-ribose and maltose may be 
looked at. Also these reducing sugars oceur, in agreement with their 
multirotation, in two modifications; also these sugars exhibit partial 
retention. 

However it has appeared that not all sugars that oceur in 
two modifications, show partial retention.. In the first place the 
d-glucose does not. If present in physiologieal eoncentration it is 
retained completely by the glomerular membrane, and as such it 
ocenpies a unique place; and still also the glucose oceurs in two 
modifications. The latter applies also to I-glucose, d-mannose and |- 
and d-arabinose. Of these sugars nothing is retained. 
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By summarising the multirotatory sugars can be divided into 
three groups. 

„ 1% group, of which we know only one representative viz. the 
d-glucose of which both modifications are relained. 

2nd group (d-galactose, d- and I-xylose, d-ribose) of which only 
one modification is retained. 

3rd group (I-glueose, d-mannose, d- and l-arabinose) of which neither 
of the two modifieations are retained. 

In the cases of the members of the second group viz. 
d-galactose and |-xylose which have been subjected 
to more detailed examination, the retention or non- 
retention is governed wholly by the position which 
the H and HO linked to the asymmetrie Ü-atom occupy 
relative to each other. 

It is worthy of comment still, in the first place, that the conjecture 
which we have offered here, and which ouglıt to be controlled by a 
large nnmber of experiments still, gives a plıysiological illustration 
of the existence of modifications, which formerly was found along 
chemical lines. 

In the second place it brings to light that if one desires to 
investigate stereoisomerie sugars with respect to lower organisms, 
as has already been done by several investigators, the fact has 
to be reckoned with, henceforth, that the sugar which is investi- 
gated is not a simple compound but a mixture, the two components 
of which need not behave similarly towards a microorganism. 

In these investigations Mr. R. Rorrınk has lent his skilled 
assistance. 

Physiological Laboratory. 

Groningen, September 1919. 
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ERRATUM. 


p. 70 line 14 from‘ithe bottom: 


for: — the growth‘ retardation curve for an intensity 1. 
read: — the growth retardation eurve for an intensity 4. 
line 13 from the bottom: 

for: — the growth retardation curve for an intensity 4. 


read: —- the growth retardation curve for an intensity 1. 


